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Abstract

Kummer surfaces are K3 surfaces that arise as the quotients of abelian surfaces by the
involution ¢ that sends each point to its inverse with respect to the group law. In an
analogous way, one can construct K3 surfaces as quotients of abelian surfaces by the
action of other finite groups. These are known as generalised Kummer surfaces.

In this thesis, we study classical and generalised Kummer surfaces, with a particular
focus on the case of positive characteristicc. We extend the current classification of
generalised Kummer surfaces to characteristics two, three, and five, and construct many
explicit examples, both when the abelian surface is the product of two elliptic curves
and when it is the Jacobian of a genus two curve.

We also prove several related results, including the existence of Kummer surfaces
with everywhere good reduction over number fields, and a description of the intersections
between the automorphism strata and the Ekedahl-Oort strata inside the moduli space
of genus two curves.

In chapter 1, we introduce the main properties of K3 surfaces and abelian varieties.
We also review the theory of rational double points, and explain how to construct quotients
of varieties from the perspective of Geometric Invariant Theory.

In chapter 2, we describe the current classification of generalised Kummer surfaces
and extend it to characteristics two, three, and five.

In chapter 3, we explain how to construct explicit examples of generalised Kummer
surfaces arising from abelian surfaces that are products of elliptic curves.

In chapter 4, we study the birational geometry of Kummer surfaces associated to
Jacobian varieties of genus two curves, with a focus on fields of characteristic two. We
also compute an example of a Kummer surface with everywhere good reduction over a
quadratic number field.

In chapter 5, we compute the dimensions and number of irreducible components of
the intersections between the automorphism strata and the pullback via the Torelli map
of the Ekedahl-Oort strata inside the moduli space of genus two curves.

In chapter 6, we determine all possible groups of symplectic automorphisms of Jacobians
of genus two curves that preserve the polarisation. We then compute the associated
generalised Kummer surfaces given by the quotients by these groups.



1 | Motivation and background

Since the very beginnings of algebraic geometry, one of its central aims has been the
classification of geometric objects up to a suitable notion of equivalence. Over time,
the field has developed a variety of topological and algebraic invariants for that pur-
pose, such as for example, the dimension, the Betti numbers, or the Hodge numbers.
These have been designed to help us distinguish between varieties and, when they are
not isomorphic, to identify the structural properties they share. These and many other
invariants provide the fundamental language through which one can organise the rich
landscape of algebraic varieties.

In the modern approach, inspired by developments such as the minimal model pro-
gram, classification often proceeds by relating varieties to one of three broad classes:
Fano varieties, Calabi-Yau varieties, or varieties of general type. Each of these families
plays a central role in the birational classification of higher-dimensional varieties, and
studying their geometry allows us to answer many questions in arithmetic geometry
and moduli theory.

Within this framework, K3 surfaces occupy a particularly distinguished position.
As the two-dimensional Calabi-Yau varieties, they lie in a sweet spot: they are simple
enough to be studied concretely, yet complex enough to exhibit a wide range of inter-
esting geometric and arithmetic phenomena.

The aim of this thesis is to study a class of K3 surfaces known as generalised Kummer
surfaces. These arise as quotients of abelian surfaces by the action of finite groups, and
they serve as a rich source of explicit examples within the world of K3 surfaces.

While the classification of complex generalised Kummer surfaces has been known
for decades, the focus of this thesis is on studying their behaviour over fields of positive
characteristic. In this setting, when the characteristic of the base field divides the order
of the acting group, we found new examples whose properties differ from those of their
characteristic zero counterparts.

We will now introduce the concepts and techniques that will help us to understand
these examples.



2 K3 QUOTIENTS OF ABELIAN SURFACES IN POSITIVE CHARACTERISTIC

1.1 K3 surfaces

| Definition 1.1.1. A K3 surface is a smooth' surface X with trivial canonical bundle

and h' (X,0x) = 0.

Some examples of K3 surfaces are

« Smooth quartics in P3.

« Smooth complete intersections of a quadric and a cubic in P4.

« Smooth complete intersections of three quadrics in P°.

 Smooth double coverings X — P2 branched along a smooth sextic curve.

From the definition, one can easily see that all K3 surfaces have geometric genus
pg(X) = 1. By Serre duality and the definition of the Euler characteristic, one can also
check that y(X) = 2 and from Noether’s formula, we then deduce that ¢(X) = 24 and
this gives us the Betti numbers

bo(X) :1, bl(X):O, bQ(X):227 bg(X):O, b4(X) =1.

Over C, the Hodge diamond of a K3 surface is:

1
0 0
1 20 1
0 0
1

One thing that stands out immediately from the Hodge diamond is that A1 (X)) = 20,
which suggests that K3 surfaces over C can support a wide range of divisor classes, as
their Néron—-Severi group can have rank as large as twenty. This contrasts with simpler
examples of surfaces that we know, such as [P?, whose Néron-Severi group has rank one.

1.1.1 The Néron-Severi lattice

| Definition 1.1.2. Let X be a smooth algebraic variety defined over an algebraically
closed field. The Picard group Pic(X) is the group of isomorphism classes of invertible
sheaves on X, with group operation given by tensor product.

Let Pic’(X) denote the connected component of Pic(X), i.e. the subgroup of line
bundles that are algebraically equivalent to zero.

'When the context is clear, we will extend this definition to singular surfaces with rational double
points (we will explain what these are later on) and sometimes say that a singular surface is a K3 surface
if the desingularisation is a K3 surface.
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| Definition 1.1.3.  The Néron-Severi group of X, is the quotient

NS(X) = Pic(X)/Pic’(X).

For K3 surfaces, NS(X) = Pic(X), as Pic’(X) = h1(X,Ox) = 0. As a consequence
of the theorem of the base, we have the following result:

| Theorem 1.1.4. The Néron-Severi group of a smooth projective variety is a finitely
generated abelian group [GH94, Section 3.5].

As the Néron-Severi group is torsion-free, it has the structure of a lattice. In this
thesis, we will mostly think of line bundles as Cartier divisors and addition in Pic(X)
as formal sums of divisors. This is because in many instances, like in chapter 4, the line
bundles we will work with will be linear combinations of effective divisors on X.

The rank of the Néron-Severi group of X is called the (geometric) Picard number
and denoted by p(X). In characteristic zero, from the fact that h!(X') = 20, we deduce
that the Picard rank must be less or equal than 20, whereas in positive characteristic, an
upper bound is given by the second Betti number, so p(X') can be 22 at most. All possi-
ble Picard numbers 1 < p(X') < 20 can happen in any characteristic, whereas p(X) = 21
can never happen and p(X) = 22 only happens in positive characteristic.

There are many motivations as to why one would want to study the Néron-Severi
group of a K3 surface. For instance, it helps us understand whether the surface admits
elliptic fibrations or what its automorphism group is. Also, choosing a sublattice L of its
Néron-Severi lattice gives it a way of rigidifying it, and we can construct moduli spaces
of L-polarised K3 surfaces which parametrise K3 surfaces X with a primitive embedding
L - NS(X) [HT15].

A major challenge in the study of K3 surfaces is that, despite a good understanding of
the general properties of their Néron-Severi lattices, working with individual examples
remains very difficult. For instance, even for a smooth quartic surface in IP3, the existing
algorithms to compute the Picard number are highly inefficient, and determining the full
Néron-Severi lattice is often entirely out of reach [vL07].

However, there is a set-up in which we have more control over the Néron-Severi
lattice of a K3 surface V, which is when V' is the desingularisation of a surface W with
isolated singularities. In this case, the exceptional divisors introduced in the resolution
of the singularities form a sublattice of NS(V") and thus contribute to the Picard number
of V. Moreover, we can obtain detailed information about how the curves in the excep-
tional loci intersect, as we will now see.
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1.2 Singular points on surfaces

1.2.1 Rational double points

We will recall the definition and main properties of rational double points following the
exposition of the book Algebraic Surfaces in Positive Characteristics, by Miyanishi and Ito
[MI20].

Let X be a normal projective surface with a unique singular point P and let the map
m:Y — X be a resolution of singularities such that Y is smooth.

Let £ = Y " E; be the exceptional locus of m. We say that a divisor Z = Y.\ | 1, F;
has support in £ if Supp(Z) ¢ E. For such an effective divisor with support in FE,
we consider a subscheme Z = (Supp(Z),Oz) of Y, where Oy is defined via the exact
sequence

0—>Oy(—Z)—>OY—>OZ—>O

The Euler-Poincaré characteristic x(Oz) and the arithmetic genus p,(Z) are
defined by

1
x(O2)=h"(0z)-h' (0y), Pa(Z):E(Z2+KY-Z)+1,
and by the Riemann-Roch theorem, we have that x(Oz) =1 -p,(2).

There exists a spectral sequence

EP? = H? (X, Rim,0y) = H""(Y,Oy)

Since Rim,Oy =0 for ¢ > 1,7.0y = Ox, and R'7,Oy is supported at the point P,
we obtain the following long exact sequence

0-H'(Ox)— H' (Oy) > H° (leOy) - H?*(Ox) - H*(Oy) - 0

It follows that
X (Ox) = x (Oy) = h° (R'm.Oy) 2 0,

where h° (R'7,Oy) > p,(Z) for any effective divisor Z supported in F.

This last inequality motivates the following definition:

| Definition 1.2.1.  An isolated singular point P on a surface is a rational singularity

l.leﬂ'*Oy = 0
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Since R7,Oy is a coherent O x-sheaf supported at the point P, as we have seen, the
vanishing of h? (R'7,Oy ) is equivalent to the condition that x (Oy) = x (Ox).

This condition has been shown to be independent of the choice of resolution 7.
Hence, we may assume that 7 is minimal, in the sense that the exceptional locus
E = 771(P) contains no (-1)-curves, that is, no irreducible curves £ = P! with self-
intersection E? = —1.

Consider the local ring Ox p, which has Krull dimension two, and let m denote its
maximal ideal. From the theory of Hilbert-Samuel polynomials, we know that the func-
tion dimy, (Ox p/m"*!) agrees with a quadratic polynomial for all sufficiently large n. In
particular, this implies that when n > 0,

dimy, (m"/m"™) = un + A

for some constants y, A € Z. We refer to the constant ;(Ox p) as the multiplicity of
P.

| Definition 1.2.2. An isolated singular point P on a surface X is a rational double
point if P is a rational singularity and ;/(Ox p) = 2.

The main property that makes us interested in studying rational double points on K3
surfaces is that they are the canonical singularities of surfaces:

| Definition 1.2.3. Let X be a normal variety with a singular point P such that its
canonical divisor K x is Q-Cartier, and let m : Y — X be a resolution of the singularities of
X. Then,

KY ZW*(Kx)-l-ZCLiEZ'

1=1

where the sum is over the irreducible exceptional divisors F); and the a; are rational numbers
called discrepancies. Then, we say that P is a canonical singularity if a; > 0 for all
1<i<n.

| Theorem 1.2.4 ([KM98, Theorem 4.20]). A singular point on a surface is canonical if
and only if it is a rational double point, in which case all the discrepancies are zero.

This implies that if we have a surface X with only rational double points and we are
able to prove that Ky is trivial, then, since theorem 1.2.4 implies that Ky = 7*(Kx), it
follows that Ky is also trivial. This is a key point that Katsura used to prove theorem
2.2.3.

Note that rational double points are known by several other names in the literature,
such as ADE singularities, du Val singularities, or Kleinian singularities. These
names reflect the different perspectives from which mathematicians have studied this
class of singularities.
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For instance, rational double points can also be understood in terms of:

+ The configuration of the exceptional curves appearing in their minimal resolution.

« The analytic structure of the completed local ring O X,P-

« The fact that, in characteristic zero, they arise locally as quotients of C? by a finite
subgroup of SLy(C).

We will now explore how these different perspectives are connected.

Let £ = ).}, F; be the exceptional locus of 7. Artin proved that if P is an isolated
singular point then, the intersection matrix, which is the n x n matrix whose entries
are F; - X, is negative-definite. Furthermore, there exists a smallest effective divisor
Z =y riE; supported on F, such that (Z- E;) < 0forall 1 < i < n. This special divisor
is known as the fundamental cycle of E.

He then proved the following results:

| Theorem 1.2.5 ([Art66, Theorems 3 and 4]). Let X be a normal projective surface
with a singular point P, let m:Y — X be a resolution and E be the exceptional locus of 7.
Then,

1. P is a rational singularity if and only if the fundamental cycle Z of E satisfies that
pa(Z) =0.
2. dimy(m?/mn*1) = — (Z2) n+1. In particular, the multiplicity of P is equal to— (Z?).

The resolution of a singularity can be drawn as a graph where each irreducible curve
C; in the exceptional locus is drawn as a node, labelled by its self-intersection number
C?. Two nodes are then joined by an edge if and only if C; and C; intersect. To simplify
notation, we omit the label on a node if Cf =-2.

From theorem 1.2.5, we can deduce that if P is a rational double point, (Z2) = -2.
Using the negative-definiteness of the intersection matrix, du Val proved [DV34] that

the desingularisation graph of a rational double point can be identified with one of the
simply laced Dynkin diagrams:

An Dn

ST IS Y

Figure 1.1: Simply laced Dynkin diagrams.



1. MOTIVATION AND BACKGROUND 7

There is a deep and beautiful connection between lattices, surface singularities, and
simple Lie groups, known as the McKay correspondence. It relates the ADE classifica-
tion of simple Lie algebras with the finite subgroups of SLy(C), which, as we will soon
see, appear naturally in the study of rational double points.

Moreover, from theorem 1.2.5, we also deduce that dim; m/m? = 3. Hence, if we let
Ox,p denote the completion of Ox p, the Cohen structure theorem implies that

6X,P = k[[.ﬁlf,y,Z]]/(f)

for some f € k[[x,vy, z]].

This shows that rational double points are hypersurface singularities, meaning
that X is locally isomorphic to a hypersurface defined by a single equation f = 0.

Rational double points in characteristic zero

Over an algebraically closed field of characteristic zero, every rational double point can,
after a suitable change of coordinates, be written as a hypersurface singularity defined
by one of the following equations:

A, 2ty =0 forn>1,
D, : 2rriy+y =0 forn >4,
Eg - Zyrad+yt=0,
E;: 2y vyl =0,
Es: 2+ ad+y° =0.

Another way to characterise rational double points over C is as quotients of the affine
plane by finite subgroups G ¢ SLy(C) [Rei87]. The idea is that G acts linearly on A2
via matrices of determinant one, and the singularity at the origin of the quotient space
A2/ is, in each case, a rational double point. In fact, the defining equations we have
just seen can be recovered as relations among G-invariant polynomials on A2, according
to the theory we will develop in section 1.5.1.

Some of the finite groups acting on surfaces in this context are non-standard, so it
will be helpful to define them.

| Definition 1.2.6. The binary dihedral group (or dicyclic group) Q4,, of order 4n is
the group defined by the presentation:

Qun = (a,b| a™b? b*, abab™").

These groups can also be characterised as being non-split extensions of C5,, by a
cyclic group of order two. The groups (s and ()4 are known as the quaternion groups
of orders 8 and 16.
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As for the rest of them of order less than 24, we have that ()15 2 C35xCly, Qo0 2 C5xCy,
and Q242 C5 x Qg. Another relevant family of groups that we need to know is the
following:

| Definition 1.2.7. The extended special linear group ESLy(F,) is the subgroup of
SLy(F,2) generated by SLy(F,) and an element given by the diagonal matrix

a 0
0 ot )’

where a € F o \ T, and o? is a primitive element which generates F.

| Remark 1.2.8.  Many of the groups acting on surfaces are binary polyhedral groups,
that is, they are preimages under the map SU(2) — SO(3) of the group of rotations of a
polyhedron. In addition to the binary dihedral groups, notable examples include: SLo(Fs),
which is isomorphic to the binary tetrahedral group; ESL,(IF3), the binary octahedral
group; and SL(F5), the binary icosahedral group.

We then have the following classification:

| Theorem 1.2.9. Every rational double point is locally analytically isomorphic to the
singularity at the point at the origin of a quotient A% /G, for some finite group G c SLo(C).
The correspondence is as follows:

For the type A,,, G = Cp41.

For the type Dy,, G = Q4(n-2).-
For the type Eg, G = SLo(F3).
For the type Er, G = ESLy(F3).
For the type Es, G = SLy(F5).

We have just seen that over C, given a finite group G c SLy(C), we can construct
a rational double point as the singularity at the origin of the quotient A?/G. What is
perhaps more surprising is that, given a rational double point on any surface over C, we
can always recover the group GG from the topology of the surface.

Let P be a closed point of a normal surface X defined over an algebraically closed
field, let O?{, p be the henselisation of Ox p and U = Spec(@’;(, p)- A covering of U is a
finite surjective morphism V' — U such that Y is irreducible and normal.

| Definition 1.2.10. The local fundamental group 7, (U \ P) is the group that clas-
sifies finite coverings of U which are étale except above P.

We then have the following result:

| Theorem 1.2.11 ([Pri67, Theorem 3]). Let P be a rational double point on a surface
X, and let G be a finite group such that P is locally analytically isomorphic to the image
of the origin in the quotient A%2/G. Then m (U \ P) = G.


https://beta.lmfdb.org/Groups/Abstract/12.1
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https://beta.lmfdb.org/Groups/Abstract/24.4
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Rational double points in positive characteristic

In characteristic p, it remains true that the resolution graph of a rational double point
must correspond to one of the ADE Dynkin diagrams. However, unlike the situation in
characteristic zero, in characteristics two, three, and five, there exist singularities with
the same resolution graph that are not locally analytically isomorphic, as shown by Artin
[Art75].

This raises a natural question: if two rational double points have the same configura-
tion of exceptional curves in their resolutions, how can we tell whether they are locally
analytically isomorphic?

One practical method is to compute an invariant known as the Tjurina number.

| Definition 1.2.12. Let X be a singular surface with a hypersurface singularity P, and
let Ox p = k[[x,y, 2]]/(f). The Tjurina number at P is

k[[z,y,2]]

In characteristic zero, the Tjurina numbers of the singularities of types A,,, D,,, and
E,, are all equal to n. In positive characteristic, this is no longer true: the Tjurina number
allows us to distinguish between rational double points that share the same resolution
graph but are not locally analytically isomorphic.

7(P) = dimy,

Another major difference between the case over C and over a field £ of positive char-
acteristic is that not every rational double point arises as a quotient of the affine plane
by the action of a finite group G c SLy(k). For example, the singularity of type Ay
in characteristic p cannot be realised as a quotient of A? by the cyclic group C,. This
failure is reflected in the fact that the local fundamental group of a singularity of type

Ap_1 in characteristic p is trivial.

It is important to note, however, that many rational double points in positive char-
acteristic are still quotient singularities, though not by the action of constant group
schemes, but rather by infinitesimal group schemes, which we will introduce in sub-
section 1.3.3. Several examples can be found in the book by Miyanishi and Ito, including
the construction of the A,_; singularity in characteristic p as a quotient by the action of
14y, and the construction of the singularity EY in characteristic five as a quotient by the
action of as.

By studying the possible local fundamental groups of rational double points, Artin
gave a complete classification of all rational double points in positive characteristic
[Art75]:
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If p =2,
Type Normal form 751 T
A,  (neven) Ty + 2+l (Ch) n
A, (nodd) Ty + 2t Cy, n+1

DY (n>2) 22+ 22y + xy" 1 4n
Dy, (n>22,1<r<%) 22+ 2y +ayt +ay" "z 1 dn - 2r
Dy, (n>22,r=%) 22+ 2%y +xy™ + Yy Tz Cy 4dn - 2r
Dy, (n>22,5<r<n-1)| 22+22y+ay" +xy" "z | Doryy | 4n-2r

DY .. (n>2) 22+ x?y+ynz 1 4n
Dy ., (n>2,1<r<%) 22+ xly+ytz+ayn Tz 1 4n - 2r
D5 . (n22,5<r<n-1)| 2+2%y+y"z2+2y" "2 | Dyp_opar | 4n—-2r

EQ 22+ 13 + 2z O3 8

E} 22+ 23 +y2z +ayz Ce 6

E? 22+ 23 + xy? 1 14

E} 22+ 23 + zy? + gtz 1 12

E2? 22+ 2 + 2y + 22yz 1 10

E3 22+ 13+ xyd + 2yz Cy 8

EY 22+ 23 + 90 1 16

E} 22+ 33+ Y5 +ayz 1 14

E? 22+ a8+ b+ Pz Yy 12

E3 22+ +y° +y?z 1 10

E} 22+ 28 +y° +ayz Q12 8

Table 1.1: Rational double points in characteristic two.
Ifp=3,

Type Normal form T T

A, (34 (n+1)) 22 + 22 + gyl Chi n
A, (3] (n+1)) 22 + 22 + gyt (Cpi1)' | n+1

D, (n>4) Z+r’y+y" | (Quns)' | 1

E} 22+ a3+t 1 6

E} 22+ 13 + yt + 22y? Cs 7

E? 22+ 2% + 2y Cy 9

E} 22 + 23 + zy? + 22y? Cs 7

EY 22+ a3 + P 1 12

E} 22+ 13 + 95 + 228 1 10

E? 22+ a3+ o +2%y? | SLo(F3) | 8

Table 1.2: Rational double points in characteristic three.
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Ifp=5,
Type Normal form m T
A, (b4 (n+1)) 22+ 22 + gyl Chi1 n
A, (B](n+1)) 22 + 2% 4yl (Crs1) | n+1
D, (n>4) 22 + 22y +yn! (Qan-s)’ n
EG 22+ 123 + y4 SLQ(]F3) 6
E; 22 + 23 + xy? ESLo(F3) | 7
EY 22+ 13 + 9P 1 10
E} 22+ 23 +y° + oyt Cs 8
Table 1.3: Rational double points in characteristic five.
Ifp>7,
Type Normal form T T
A, (pt+(n+1)) | 22+a22+ymt! Chi1 n
A, (pl(n+1)) | 22+22+y™t | (Cpyr)' | n+1
D, (n>4) 2Z+a?y+ynt | (Quns) | 1
Es 22+ a3+ oyt SLo(F3) 6
E, 22+ 23 +xy? | ESLy(F3) 7
Eg 22+ 23+ y5 SLQ(F5) 8

Table 1.4: Rational double points in characteristic p > 7.

In these tables, G’ denotes the maximal prime-to-p quotient of G and D3,y is the

dihedral group of order 2m where m is the greatest divisor of (2r — n) which is not
divisible by two.

We will use the information of these tables in chapter 2 to study when the quotient
of an abelian surface by a finite group has only rational double points.

1.2.2 Elliptic singularities

As we have seen, rational double points behave exceptionally well under resolution:
they do not alter the canonical bundle of the surface. This property is quite rare among
surface singularities. For instance, consider the case of elliptic singularities:

| Definition 1.2.13. Let X be a normal projective surface with a singular point P, let
m:Y — X be a resolution, E the exceptional locus of m and Z the fundamental cycle of E.
We say that P is an elliptic singularity if p,(Z) = 1.
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We can check that whenever we have an elliptic singularity, the discrepancies of the
resolution 7 : Y — X are not all zero and, therefore, Ky # 7*( K x ). For example, while
the resolution of a quartic surface with only rational double points is always a K3 sur-
face, this is no longer true if the surface has elliptic singularities: the minimal resolution
may be rational, as shown by Katsura [Kat78, Proposition 9].

While rational double points admit a neat classification via the ADE families, the
classification of elliptic singularities is significantly more intricate. There is a general
classification due to Wagreich [Wag70], as well as a more refined classification for a spe-
cial subclass known as minimally elliptic singularities, due to Laufer [Lau77]. We
will make use of both classifications in this thesis. However, we note that in practice, it
is often difficult to determine whether a singularity is elliptic solely from its desingular-
isation.

In chapters 3 and 4, we will examine several examples of surfaces with elliptic sin-
gularities.

1.3 Abelian varieties

In this thesis, we will construct K3 surfaces as quotients of abelian surfaces. It is therefore
important to introduce some foundational concepts from the theory of abelian varieties.
Many of the definitions in this section follow the notes Geometry and arithmetic of moduli
spaces of abelian varieties in positive characteristic by Karemaker [Kar24].

| Definition 1.3.1. An abelian variety is a connected and complete group variety.

There are two standard constructions of abelian varieties that we will use throughout
this thesis:

1. The product of n elliptic curves is an abelian variety of dimension n.

2. Given a smooth projective curve C of genus g, we can construct its Jacobian
variety Jac(C), which is the connected component of the identity of the Picard
scheme Pic) /- It is an abelian variety of dimension g, and its k-points correspond
to algebraically trivial line bundles on C.

These two types of examples are often related by isogenies, which are homomor-
phisms f : A - A’ of abelian varieties that are finite, flat and surjective. We say A and
A’ are isogenous if there exists such an isogeny and we denote this by A ~ A’.

While abelian varieties are projective, they are not canonically embedded in pro-
jective space. In order to understand projective embeddings of abelian varieties, it is
important to study its ample line bundles, which leads naturally to the notion of the
dual abelian variety.

| Definition 1.3.2. Let A be an abelian variety defined over a field k. The dual abelian
variety A" = Picg/k is the connected component of the identity of the Picard scheme.
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Similarly to the Jacobian, AV is an abelian variety whose k-points correspond to al-
gebraically trivial line bundles on A, i.e. AY(k) = Pic’(A).

Given an ample line bundle L on A, one can associate an isogeny

op: A— AV
T [tiL® L,

where the square brackets denote the isomorphism class of the resulting line bundle.

| Definition 1.3.3. A polarisation of an abelian variety A defined over k is an isogeny
A: A — AV such that there exists a finite field extension k' [k and an ample line bundle L
on A x;, k" with the property that A\ = ¢r,.

Any abelian variety A admits a polarisation of some degree. A polarisation ) is called
principal if it is an isomorphism; in this case, we say that A is principally polarised.
One of the reasons why principal polarisations are useful is to be able to construct well-
behaved moduli spaces of abelian varieties.

Given the Jacobian of a curve of genus g, there is also always a way of endowing it
with a principal polarisation by considering the polarisation associated to its theta divi-
sor. We will elaborate more on how this can be achieved when ¢ = 2 in section 4.2.

Moreover, if we have a product of principally polarised abelian varieties, we can ob-
tain a principal polarisation on the product by taking the tensor product of the pullbacks
of the ample line bundles defining the polarisations from each factor via the projection
maps. This product polarisation is one method of constructing a principal polarisation,
but it is important to note that a given abelian variety may admit several non-isomorphic
principal polarisations. However, this ambiguity is often manageable: in the case of
abelian surfaces, for instance, there is a concrete classification of all possible principally
polarised abelian surfaces.

| Theorem 1.3.4 ([Wei57, Satz 2]). Every principally polarised abelian surface is iso-
morphic to either the Jacobian variety of a genus two curve or the product of two elliptic
curves with the product polarisation.

1.3.1 The endomorphism algebra

| Definition 1.3.5. An endomorphism is a homomorphism from an abelian variety
to itself. All endomorphisms of a fixed abelian variety form a ring under addition and
composition and we denote the endomorphism ring of A by End(A).

For any A over k and any integer n, we have the endomorphism [n]: A - A given
on points by  — nxz. Thus, for any A we see that Z < End(A). The degree of [n]
is n2dim(4) for any n. We will denote by A[n] the kernel of the previous map and the
points of A[n](k), we will refer to as the n-torsion points.
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If an isogeny f : A - A’ has degree n, then there exists an isogeny g : A’ - A which
satisfies fog=go f =[n].

The endomorphism algebra of A is End”(A) := End(A) ®; Q. If A is simple, that
is, it contains no non-trivial abelian subvarieties, then End’(A) is a division algebra.
Indeed, any non-zero endomorphism f € End(A) of degree n is invertible in End’(A),
with inverse given by 1g as above.

Furthermore, recall that any abelian variety A admits a polarisation A of some de-
gree. This implies that the endomorphism algebra End®(A) always contains a positive
involution oo = A\~1 o @Y o )\, called the Rosati involution.

Combining these two facts, we deduce that the endomorphism algebra of a simple
abelian variety is a division algebra equipped with a positive involution. Such objects
were completely classified by Albert [Alb30], and from his classification, we obtain the
following result:

| Theorem 1.3.6. The endomorphism algebra of a simple abelian variety A over an al-
gebraically closed field is isomorphic to one of the following:

« Type L A totally real field F' of degree dividing dim(A).

« Type II. A totally indefinite quaternion division algebra (i.e. split at each real place)
over a totally real field F'.

« Type III. A totally definite quaternion division algebra (i.e. non-split at each real
place) over a totally real field F'.

« TypelV. A central division algebra whose centre is a CM-field, i.e. a totally imaginary
quadratic extension of a totally real field F'.

For elliptic curves £ we have that End(F) is either Z, an order in a quadratic imagi-
nary field Q(r/~d) or an order in a quaternion algebra H, ,,. Therefore, End’(E) is iso-
morphic to either Q, Q(v/—d) or H,, «. In characteristic zero, the endomorphism algebra
is necessarily commutative, so only the first two cases can occur. The quaternionic case
arises only in characteristic p when F is supersingular. In that case, End(E) = H, ..,
the unique definite quaternion algebra over Q which only ramifies at p and at infinity.

If an abelian variety A is not simple, then up to isogeny it decomposes as
A NA‘il X eee X Aqu

where the A; are pairwise non-isogenous simple abelian varieties which are uniquely
determined up to isogeny. In this case, the endomorphism algebra decomposes accord-
ingly as

End’(A) = M;,(End’(4,)) @ - @ M, (End"(A,))

where M, (B) denotes the algebra of n x n matrices over B.
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Combining these results, we deduce the following:

| Corollary 1.3.7. The endomorphism algebra of an abelian surface A over an alge-
braically closed field of characteristic p > 0 is isomorphic to one of the following:

o If A is simple, End"(A) can be isomorphic to

The rationals.

A real quadratic field.

A totally imaginary quadratic extension of a real quadratic field.
A quaternion division algebra over Q.

A quaternion division algebra over an imaginary quadratic field.

« If A is not simple, End"(A) can be isomorphic to

- QaQ.

- Qe Q(V/-d'), for somed’ > 0.

- Q(V-d) ® Q(\/~d'), for some d,d’ > 0.
- Q(V-d') @ H,, , for some d’ > 0.

_ ().

- My(Q(V-d')).

- MZ(HP,OO)-

Knowing about the endomorphism algebra of an abelian surface will be very helpful
to be able to determine what the possible finite groups acting on it are, as we will see in
the next chapter.

1.3.2 The Tate module

Let A be an abelian variety defined over a perfect field k of characteristic p > 0.

| Definition 1.3.8. The Tate module of A at a prime ( is defined as the inverse limit
Ty(A) = tim A[)(k),
where the transition maps are given by multiplication by (:
177y 24 r1( 1.
A[(k) — A[€7](k).
The rational Tate module is defined as V,(A) = T;(A) ®z, Q.

When ¢ # p, the module 7;(A) is a free Z,-module of rank 2dim(A).

The restriction ¢ # p is essential. When A is defined over a field of characteristic
p, the behaviour of its p"-torsion subgroup is more subtle. Over an algebraically closed
field, one usually has that

A[](k) = (Z)er7)?dmA),
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However, this is no longer true when ¢ = p. Instead, one has
Al (k) 2 (Zfp Z)! ™,
where f(A) is an integer between 0 and dim(A) known as the p-rank of A.

| Definition 1.3.9. An abelian variety A defined over a field of characteristic p is called
ordinary if f(A) = dim(A).

In contrast to ordinary abelian varieties, we have supersingular abelian varieties.

| Definition 1.3.10. An abelian variety A defined over a field k of characteristic p is
supersingular if it is isogenous over k to a product of elliptic curves

A~E x-xE,
such that f(E;) =0 forall1 <i<n=dim(A).

If A is not only isogenous to a product of supersingular elliptic curves but isomor-
phic to it, we say that A is superspecial.

It is easy to see that if A is supersingular, then f(A) = 0. However, in general,
f(A) = 0 does not imply that A is supersingular. This implication does hold when
dim(A) < 2, but often fails in higher dimensions. For instance, in dimension > 3, there
exist abelian varieties with p-rank zero that are not isogenous to a product of supersin-
gular elliptic curves. This can be seen through the theory of Ekedahl-Oort types, which
we will discuss very briefly in section 5.4.

The p-rank of an abelian variety carries significant geometric and arithmetic infor-
mation, as we will see throughout this thesis. One fruitful way to understand this phe-
nomenon is through the theory of finite flat group schemes.

1.3.3 Group schemes and the Dieudonné module

| Definition 1.3.11. A group scheme G over S is a group object in the category Schg
of schemes over S. That is, G is equipped with morphisms

m:GxsG - G (multiplication), e: S -G (identity), 1:G -G (inverse),

satisfying the usual group axioms via commutative diagrams. We say that G is an affine
group scheme if it is representable by an affine scheme, that is, G = Spec(A) for some
k-algebra A.

We now describe some examples of group schemes that will appear throughout this
thesis.
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The multiplicative group scheme
The multiplicative group scheme G,, is defined to be
G, = Spec(k[t, t7']).
If T = Spec(R), then, G,,(T") = R* and the multiplication map is given by

m(T):  Gu(T) x G (T) — G, (T)
(z,y) — xy

The constant group scheme

Let G be a group. The constant group scheme G is defined to be

G = | | Spec(k).

geG

Then, for any scheme 7', G(T) = |ye; T'. This implies that G(T)xG(T') = (g, gs)ecxc T’
and the multiplication map m : G(T') x G(T') - G(T) is defined by mapping the com-
ponent labelled by (g1, g2) to the component labelled by ¢, 95 € G.

The group scheme i,

The group scheme (i, is defined to be

fin = Spec(k[t]/(t" - 1)).
If T' = Spec(R), then, 11,,(T) = {x € R: 2™ = 1} and the multiplication map is given by
m(T): pn(T) % pn(T) — pin(T)
(z,y) — zy

Whenever all the primitive n-th roots of unity are defined over k and p = char(k) satisfies
that p 4+ n, one can check that p, = Z/nZ. However, when p 4 n, for instance, these
are not étale and hence not isomorphic to the constant group scheme. Furthermore, in
characteristic p there are more group schemes of order p:

The group scheme o,

Let k be a field of characteristic p. The group scheme o, is defined to be

0, = Spec(k[H]/(t7)).
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This is a subgroup of the additive group scheme G, and, therefore, when T = Spec(R),
then, o, (T") = {x € R: 2P = 0} and the multiplication map is given by
m(T): ap(T) x ap(T) — ap(T)

(z,y) — 2 +y

When char(k) = p, we have seen that the classification of finite group schemes be-
comes significantly richer. This is due to the presence of the Frobenius morphism, which
introduces additional structure not present in characteristic zero. A particularly useful
tool for studying such group schemes is the theory of Dieudonné rings.

Let W (k) denote the ring of Witt vectors over a perfect field k, and we will denote
by o : W (k) — W (k) the canonical lift of the Frobenius automorphism of k.

| Definition 1.3.12. The Dieudonné ring D), is the non-commutative ring generated
over W (k) by two formal operators F' and V, subject to the relations

FV=VF=p, Fa=0c(a)F, aV=Vo(a) forallaeW(k).

This ring allows for the classification of finite commutative group schemes of p-
power order:

| Theorem 1.3.13 ([Fon77, Théoréme 1]).  Suppose k is perfect. There is a contravariant
equivalence of categories M (—) between the category of finite commutative group schemes
over k of p-power order and the category of left Dy-modules of finite length.

Let A be an abelian variety over a field of characteristic p. Its associated p-divisible
group A[p*] is defined as the direct limit

Alp™] = lim A[p"],
with respect to the natural inclusions A[p"] = A[p™+!].
| Definition 1.3.14. The Dieudonné module of A is defined to be

M(A4) = M(A[p>]).

The module M(A) is free of rank 2dim(A) over W (k).

Note that in the literature, the notation T,,(A) is sometimes used to refer to the
Dieudonné module. However, in this thesis we reserve 7,,(A) for the p-adic Tate mod-
ule, as defined in definition 1.3.8. From the comparison above, we see that, unlike M(A),
which is a free W (k)-module of rank 2 dim(A), 7,,(A) is a free Z,-module of rank equal
to the p-rank of A. When k = F, one can relate 7},( A) to the étale part of M(A), though
this requires careful technical treatment [Fon77].
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1.4 Kummer surfaces: bridging the gap between
abelian and K3 surfaces

The connection between abelian and K3 surfaces was first explored in the nineteenth
century by mathematicians such as Gopel, Kummer and Borchardt, while studying the
remarkable geometry of quartic surfaces in P? with sixteen singularities.

They discovered that these quartic surfaces, which are examples of K3 surfaces, can
always be constructed as the quotient of the Jacobian of a genus two curve by the natural
involution on Jac(C) that sends each point to its inverse under the group law. This
motivates the following definition:

| Definition 1.4.1. Let A be an abelian surface defined over a field of characteristic not
equal to two. The Kummer surface Kum(A) is the quotient of A by the involution

i A— A
P~ -P

The details of this construction will be discussed in chapter 4, where we will explain
in detail many aspects of the construction of Kummer surfaces, including why we have
assumed that we are not working over a field of characteristic two. For now, let us high-
light some of their key geometric properties, which illustrate why Kummer surfaces are
among the most important examples of K3 surfaces.

The involution ¢ on A has exactly sixteen fixed points, corresponding to the 2-torsion
points of A. On the quotient surface, these become singularities locally isomorphic to
the quotient of A2 by the action of C5, and are therefore A; singularities. As a result,
the minimal resolution Y of Kum(A) contains sixteen disjoint (—2)-curves. Since the
class of a hyperplane section is linearly independent of these, we deduce that the Picard
number satisfies p(Y) > 17.

Moreover, the quotient map A — Kum(A) allows us to relate the Néron-Severi
groups of A and Y. In particular, once we understand NS(A), which is typically easier
thanks to the rich theory of abelian varieties, we can often deduce information about
NS(Y'), such as its rank, discriminant, elliptic fibrations, and automorphism group.

Another area in which the connection to abelian varieties is particularly useful is
in studying the reduction of Kum(A) at primes. Through the Néron-Ogg-Shafarevich
criterion, one can analyse the reduction of an abelian surface at a prime from the ramifi-
cation of its Tate module, and use this information to study the reduction of the Kummer.
We will apply this theory in section 4.7, where we will find explicit examples of Kummer
surfaces defined over a number field that have good reduction at all primes.

Finally, another reason why Kummer surfaces are important is that they allow us to
perform explicit computations with Jacobians of genus two curves. In section 4.2, we
will see that embedding Jac(C) into projective space requires 72 quadrics in P°.
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Since Kum(Jac(C)) admits a model as a quartic surface in P?, and there is a 2-to-1
cover Jac(C) - Kum(Jac(C)), Kummer surfaces serve as a practical intermediary for
computations involving Jacobians. This makes them particularly useful in number the-
ory, where they are employed to compute rational points on genus two curves and their
Jacobians [CF96], and in cryptography, where they play an important role in genus two
isogeny-based protocols [FT19].

In order to understand Kummer surfaces well, it is essential to be comfortable with
working with quotient varieties. In the next section, we will give a brief introduction
to the study of quotients of varieties by algebraic group actions, and how to construct
defining equations for such quotients explicitly.

1.5 Constructing GIT quotients

The area of Geometric Invariant Theory is quite vast. In this thesis, we will briefly
summarise the foundational results needed to construct quotients of varieties by group
actions. The material presented here is based on the notes on Moduli problems and Geo-
metric Invariant Theory by Hoskins [Hos15].

1.5.1 Affine GIT

Let GG be a group acting on a variety X. The main goal of Geometric Invariant Theory
is to study the geometric structure of the orbit space:

X/G={G -x:xeX}.

Let GG be an algebraic group, that is, a group scheme over Spec(k) for some field k.
We say that (G is an affine algebraic group if the underlying scheme of G is affine.

Suppose G is an affine algebraic group acting on two schemes X and Y, via actions
ox:GxX - Xandoy:GxY =Y, respectively. A morphism f : X — Y is said to be
G-equivariant if the following diagram commutes:

GXXM)GXY

o I
x—r sy

If Y is equipped with the trivial action 7y : G xY — Y, then a GG-equivariant mor-
phism f: X - Y is called a G-invariant morphism.
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There are several notions of quotients in algebraic geometry. We begin with the most
universal one:

| Definition 1.5.1. A categorical quotient for the action of G on X is a G-invariant
morphism ¢ : X — Y of schemes which is universal; that is, every other G-invariant

morphism f : X — Z factors uniquely through ¢ so that there exists a unique morphism
h:Y — Z such that f = ho .

Let G be an affine algebraic group acting on a scheme X over k. The group G acts
on the k-algebra Ox (U) of regular functions on a G-invariant subset U c X by

g-flx)=f(g7" ).

We denote the subalgebra of G-invariant functions by

Ox(U)“={feOx(U):g-f=fforallgeG}.

The notion of a categorical quotient is often too coarse to reflect the geometry of the
orbit space. The following refined notions of quotient capture more of the structure we
expect from a quotient in algebraic geometry:

| Definition 1.5.2. A morphism o : X — Y is a good quotient for the action of G on
X if
1. ¢ is G-invariant.
2.  is surjective.
3. If U c Y isan open subset, the morphism OY(U) - Ox (¢71(U)) is an isomorphism
onto the G-invariant functions Ox (o~+(U))°.
4. If W c X is a G-invariant closed subset of X, its image o(W) is closed in Y.
5. If Wy and W, are disjoint G-invariant closed subsets, then ¢ (W;) and ¢ (Ws) are
disjoint.
6. @ is affine (i.e. the preimage of every affine open is affine).

| Definition 1.5.3. A morphism o : X — Y is a geometric quotient for the action of
G on X if'it is a good quotient and the preimage of each point is a single orbit.

| Definition 1.5.4.  Assume that O(X)C is finitely generated. The affine GIT quotient
is the morphism

¢ X - X/|G =SpecO(X)“
associated to the inclusion p* : O(X)¢ - O(X).

GIT quotients are always guaranteed to be categorical quotients, and the space X //G
is of finite type. Furthermore, under further assumptions on G, stronger results hold.

| Definition 1.5.5. An affine algebraic group G over k is reductive if it is smooth and
every smooth, unipotent, normal algebraic subgroup of G is trivial.
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If G is reductive O(X)Y is finitely generated, as proven by Nagata [Nag63]. In this
case, we have the following result:

| Theorem 1.5.6 ([Hos15, Theorem 4.30]). Let G be a reductive group acting on an
affine scheme X . Then the affine GIT quotient ¢ : X — X //G is a good quotient.

This result can be strengthened when we restrict attention to the locus of stable
points:

| Definition 1.5.7. A point x € X is said to be stable if dim(Stabg(z)) = 0 and its
orbit is closed in X. We denote the set of stable points by X?*.

Then, we have the following:

| Theorem 1.5.8 ([Hos15, Proposition 4.36]). Let G be a reductive group acting on an
affine scheme X, and let p : X — X /|G be the affine GIT quotient. Then:

1. The set X¢ is a G-invariant open subset of X .
2. The image o(X*) is open in X [/G.
3. The restricted morphism ¢ : X* — p(X?) is a geometric quotient.

Whenever a GIT quotient X //G is geometric, we will denote it by X /G and simply
refer to it as the quotient.

1.5.2 Weighted projective space

One example of an affine GIT that we will work with in the next chapters is the following:

| Definition 1.5.9. Let (ai,...,a,) witha; € N, and define an action of G,, on A"~{0}
by

G x (A"~ {0}) — A"~ {0}
(N, (21, 20)) — (A% 2y, .., A xy,)
We define the weighted projective space P(ay, ..., a,)? as the quotient (A"~ {0})/G,,.

In practice, working with weighted projective spaces is often simpler when the weights
are well-formed:

| Definition 1.5.10. We say that a weight (ay,...,a,) is well-formed if any n — 1 of
the a; are coprime. That is, forall1 <i<n

ged(ay, ..., a;,...,a,) = 1.

Note that G,, is reductive and, if the weights are well-formed, all points in A" \ {0}
are stable. Hence, the quotient (A" \ {0})/G,, is a geometric quotient.

’If some of the weights are repeated, we may use exponential notation for brevity. For instance,
P(1,2%,3) denotes the weighted projective space P(1,2,2,2, 3).
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A well-formed weighted projective space is always a rational variety, and therefore
cannot itself be a K3 or abelian surface. However, many important examples of K3 sur-
faces arise as subvarieties of weighted projective spaces.

Using adjunction to compute the canonical divisor of a hypersurface X, in a well-
formed weighted projective space P(ay, as, as, ay), one deduces that X; can only be a
K3 surface if its degree satisfies

d=a1+a2+a3+a4.

However, this numerical condition alone does not suffice: additional geometric condi-
tions are required.

If we restrict ourselves to study hypersurfaces that are quasismooth, meaning that
the affine cone over X; in A" is smooth away from the origin, then Reid showed that
there are exactly 95 families of K3 surfaces arising as quasismooth hypersurfaces in
weighted projective spaces [Rei80]. This classification was later extended by Iano-Fletcher
to the case of codimension two, determining all quasismooth complete-intersection K3
surfaces in 4-dimensional weighted projective spaces [IF00]. Currently, thousands of
examples of families of K3 surfaces in codimension > 3 are known; these can be found
in the Graded Ring Database [ABR02,Bro07].

Weighted projective spaces are, by construction, highly singular. Indeed, the action
of G,, on A" \ {0} is often not free: there are subschemes with non-trivial stabilisers,
and their images in the quotient become singular subschemes of the weighted projective
space. As aresult, hypersurfaces in weighted projective space frequently acquire rational
double points from intersecting the singular locus of the ambient space. These singu-
larities cannot always be detected by computing the partial derivatives of the defining
equations, so one has to be extra careful when studying the singular locus of a subvari-
ety of weighted projective space. We will see an example of this phenomenon in section
3.2.4.

Just as weighted projective spaces arise as GIT quotients by G,,,, we can construct
other toric varieties using higher-dimensional tori. For example,

| Definition 1.5.11. Let M be the 2 x n matrix with entries in Z:

M:(all Q1 aln)‘

Q21 Q22 -+ Q2
We define the scroll P()M ) as the quotient of (A"~{0}) by the following action of G, xGyp:
(()‘7 1), (t1, - ,tn)) — ()\allth . )\alntn)
((17M)7 (tl, - ,tn)) — (anlth . ,,Uza2ntn)

We will see in subsection 3.2.1 an example of a K3 surface that is a subvariety of a
scroll.


http://www.grdb.co.uk/forms/k3
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The reason K3 surfaces appear as subvarieties of weighted projective spaces is that
GIT quotients of projective varieties are often constructed by projectivising graded rings.
In the next section, we will explain how this process works in detail.

1.5.3 Projective GIT

For a projective scheme X with an action of a group G, there is not a canonical way to
produce an open subset of X which is covered by open invariant affine subsets. Instead,
this depends on a choice of an equivariant projective embedding X — P", where G acts
on P" by a linear representation G — GL,,,1.

A projective embedding of X corresponds to the choice of an ample line bundle L on
X. We will shortly see that equivariant projective embeddings are induced by an ample
linearisation of the G-action on X, which is a lift of the G-action to an ample line bun-
dle on X such that the projection to X is equivariant and the action on the fibres is linear.

In this section, we will see that, for a reductive group G acting on a projective scheme
X and a choice of ample linearisation, there exists a good quotient of an open subset of
semistable points in X.

| Definition 1.5.12. Let X be a projective scheme with an action of an affine algebraic
group GG. A linear G-equivariant projective embedding of X is a group homomorphism
G - GL,;1 and a G-equivariant projective embedding X — P".

We will often simply say that the G-action on X — P” is linear to mean that we
have a linear GG-equivariant projective embedding of X as above.

Suppose we have a linear action of a group G on a projective scheme X c P". Then
the action of GG on P lifts to an action of GG on the affine cone A"*! over P". Since the
projective embedding X c P is G-equivariant, there is an induced action of GG on the
affine cone X c A™*! over X c P". More precisely, we have

O(A”*l) =k[zo,..., 2] =@ k[xo,...,z0], =P H (P",0x(1))

r>0 r>0

and if X' c P" is cut out by a homogeneous ideal /(X) c k[xo,...,7,], then we have
that X = Spec R(X) where R(X) = k[xo,...,z,] [1(X).

The k-algebras O(A"*!) and R(X) are naturally graded, and the linear action of G

preserves this grading. Therefore, the invariant subalgebra

O(A””)G =Pk [z, ... ,xn]TG

r>0

is a graded algebra and we have the following graded ideal:

R(X) = @ R(X);.

r>0
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If R(X)Y is finitely generated, for instance, when G is reductive, the inclusion of
finitely generated graded k-algebras R(X )¢ — R(X) determines a rational map

X - Proj (R(X)%)

whose indeterminacy locus is the closed subscheme of X defined by the homogeneous
ideal

R(X)¢ = P R(X);.

>0

| Definition 1.5.13. Let G be a group acting linearly on a projective scheme X c P" and
assume that R(X)© is finitely generated. The nullcone N c X is the closed subscheme
defined by the homogeneous ideal R(X)$.

| Definition 1.5.14. The semistable set X = X — N is the open subset of X given

by the complement of the nullcone. By construction, the semistable set is the domain of
definition of the rational map X — Proj(R(X)%).

The induced morphism X** — X //G = Proj (R(X)%) is called the GIT quotient
of X by the action of G. Like in the affine case, X //G is a categorical quotient, and we
have the following theorem:

| Theorem 1.5.15 ([Hos15, Theorem 5.3]). Let G be a reductive group acting linearly
on a projective scheme X c P". Then the GIT quotient ¢ : X** - X [/G is a good quotient.
Moreover, X [|G is a projective scheme.

As in the affine case, we obtain a geometric quotient when we restrict to the locus
of stable points:

| Definition 1.5.16. A point x € X is stable if it is semistable and its G-orbit is closed
in X%

1.5.4 Working with non-reductive groups

In this thesis, we will compute the quotients of projective varieties X by the action of
a constant group scheme G associated to a finite group GG. To simplify notation, from
now on, whenever we say that a group G acts on a variety X defined over a field k, we
will mean that there is an action of the constant group scheme G over Spec(k) on X.

A finite group G acting on a variety X over a field of characteristic p > 0 is reductive
if and only if the order of G is not divisible by p. Therefore, whenever p + |G|, theorem
1.5.8 ensures that the GIT quotient X //G is geometric.

If p | |G|, however, G is no longer reductive, so theorems 1.5.6 and 1.5.8 do not
apply. Nevertheless, by a classical result of Noether [Noe26], the ring R(X)¢ is finitely
generated, so the categorical quotient X //G exists.
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Since any finite group has dimension zero as an algebraic group, and every orbit
consists of finitely many points, we deduce that all semistable points are stable. Conse-
quently, if X //G is a good quotient, then it is also geometric.

In the particular examples of quotients that we will construct, it will be easy to see
that p : X - X//G is a good quotient, by checking that X //G satisfy all the properties
of definition 1.5.2. This ultimately boils down to checking the following conditions:

1. @ is surjective.

2. ¢: X - X//G is a morphism, or equivalently, that X = X5,
3. X //G has the same dimension as X.

4. The degree of ¢ is the order of G.

These checks have been performed in all the examples that we will present in chap-
ters 3 and 6, even if we do not mention it.

1.5.5 Projective GIT with respect to a linearisation

The technique described in section 1.5.3 allows us to describe a wide range of quotients
by group actions. However, it has a drawback: if the variety X is embedded in a high-
dimensional projective space, computing the ring of invariants can quickly become in-
tractable. Fortunately, when working with an abstract projective scheme (as we will be
doing in chapter 6 with X = Jac(C), where C is a genus two curve), there is an alterna-
tive approach.

Recall that an ample line bundle L on X (or more precisely, some power of L) deter-
mines an embedding of X into projective space. More precisely, the pair (X, L) deter-
mines a finitely generated graded k-algebra

R(X,L) =@ H(X,rL).

r>0

We may choose generators s; € HY(X,r;L) for i = 0,...,n, where r; > 1. These
sections define a closed immersion

X —P(ro,...,m0)

x— [so(z) it s,(2)]

If we replace L by mL for m sufficiently large, we may assume all generators of

R(X,mL) =@ H(X,mrL)

r>0

lie in degree one.



1. MOTIVATION AND BACKGROUND 27

In this case, the sections of H%( X, mL) determine a closed immersion into projective
space via
X — P(HY(X,mL)")
v — (s = s(x))

Now, suppose an affine algebraic group G acts on X. We would like to carry out
the above construction G-equivariantly: that is, we wish to lift the G-action to the line
bundle L so that the resulting projective embedding is (G-equivariant and the action of
G on P is linear. This idea is made precise via the notion of a linearisation.

| Definition 1.5.17. Let X be a scheme and let G be an affine algebraic group acting on
X. A linearisation of the G-action on X is a G-equivariant line bundle 7 : L - X such
that the action of G on the fibres of L is linear: for each g € G and x € X, the induced map
on fibres L, — L., is linear.

The two examples of linearisations that we will use in this thesis are the following:

« The natural action of a group G < GL,,,; on P, inherited from its action on A™+!
via matrix multiplication, admits a natural linearisation on the line bundle Opx (1).
Then, if X < P, this induces a linearisation on Ox(1). In practice, this choice
of linearisation will be implicit in how we describe the group action G x X — X.
That is, by specifying how the generators g € G act on X c IP3 via coordinates:

g X—X
4 4 4 4
[kl : k’Q : k?g : ]{?4] —> [Z aljkj : Za2]kj : Za?)]k] : Za4jk]
=1 j=1 j=1 =1

we fix a representation p : G — GL4(k) by setting p(g) to be the matrix with
entries a;;. In doing so, we implicitly fix the linearisation of Ox (1) induced from
the representation of G on A"+1.

« Given any linearisation 7 and a character x : G - G,,, one can twist the lineari-
sation by x to obtain a new linearisation 7X. In our setup, twisting Ox (1) by x
corresponds to twisting the representation p that we described earlier by Y.

Let G be a reductive group acting on a projective scheme X, and let L be an ample
line bundle equipped with a linearisation of the G-action. Consider the graded, finitely
generated k-algebra of sections of powers of L:

R(X,L) =@ H(X,rL).

r>0

Since each line bundle L inherits a linearisation, there is an induced action of GG on
each H°(X,rL), and we may consider the subalgebra of G-invariant sections:

R(X,L)% = H(X,rL)°.

r>0

This subalgebra is a finitely generated k-algebra, and Proj(R(X, L)%) is a projective
scheme.
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Let G be a reductive group acting on a projective scheme X with respect to an ample
linearisation L. Then:

| Definition 1.5.18. A point x € X is semistable (with respect to L) if there exists an
invariant section 0 € HO(X,rL) for somer > 0 such that o(z) + 0.

| Definition 1.5.19. A point x € X is stable if dim(G - ) = dim(G) and there exists
an invariant section o € HO(X,rL)¢ for somer > 0 such that o(x) # 0 and the G-orbit of
x is closed in the open set X, = {x € X : o(x) # 0}.

Denote by X**(L) and X*(L) the open subsets of semistable and stable points in X,
respectively. Then we define the projective GIT quotient with respect to L to be the
morphism

o XU(L) — X[y = Proj(R(X, L))
associated to the inclusion R(X, L)% - R(X, L).

Similarly to the previous subsections, we have the following result:

| Theorem 1.5.20. Let G be a reductive group acting on a projective scheme X, and let
L be an ample linearisation of this action. Then the projective GIT quotient with respect
to L is a good quotient. Moreover, X /|G is a projective scheme equipped with a natural
ample line bundle L' such that p* L' = nL for somen > 0.

As before, there also exists an open subset Y¢ ¢ X //; G such that =1 (Y*) = X¢(L),
and ¢ : X*(L) - Y* is a geometric quotient for the G-action on X*(L).

We emphasise that both X*¢(L) and X //;G depend on the choice of linearisation
L of the G-action. As we will see in section 6.4, a smart choice of linearisation can
significantly simplify the geometry of the resulting quotient.



2 | The classification of K3 quotients of abelian
surfaces

2.1 Introduction

As motivated in section 1.4, Kummer surfaces are among the most important examples
of K3 surfaces, as we can use the properties that we know about abelian surfaces to learn
about their geometry. As we saw, classical Kummer surfaces arise as the quotients of an
abelian surface A by an action of the group Cs, which is generated by the involution ¢.

This naturally leads to the following question:

| Question 2.1.1.  Are there other finite groups G acting on an abelian surface A such
that the quotient A|/G is a K3 surface?

Motivated by this, we have the following definition:

| Definition 2.1.2. Let A be an abelian surface and G a finite group acting on A. We
say that the quotient A/G is a generalised Kummer surface if the minimal resolution
of singularities of A/G is a K3 surface. We denote this quotient by Kumg(A).

In 1987, Katsura answered question 2.1.1 in the paper Generalized Kummer surfaces
and their unirationality in characteristic p, where he proved a criterion for when such
quotients exist and constructed many examples, both in characteristic zero and in posi-
tive characteristic.

In fact, Katsura classified all generalised Kummer surfaces that can arise in charac-
teristic p > 0, except when p = 2, 3, or 5 [Kat87, Theorem 3.7]. More recently, Rybakov
refined this classification by determining, in the positive characteristic setting, which
generalised Kummer surfaces can occur over finite fields, again, excluding the cases
p=2,3,and 5.

The goal of this chapter is to extend the classification to these remaining character-
istics.

We say that a group G acting on an abelian surface A preserves the group law if
the action factors through a subgroup of the group of invertible elements of End(A)*.
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In this setting, we have the following result:

| Theorem 2.1.3. Let A be an abelian surface defined over a field of characteristic p > 0,
and let G be a finite group acting on A and preserving the group law. Furthermore, if
p | |G|, assume that A is not supersingular. Then, the quotient A/G is a generalised Kummer
surface if and only if G and A satisfy the conditions listed in the table below, and the action
of G on A is as in Theorem 2.2.3.

G Conditions Singularities of A/G
p#2 16 A,
Co p=2 f(A)=2 4Di
[(E)ES 2D,
c, p+3 9A,
p=3 [ J(A)=2 3L
cs D%2 445 + 6A,
p=2 | f(A)-=2 2B+ D;
p+2,3 As +4A5 +5A;
Cs p=2 f(A)=2 Ei+ Dj+4A;
p=3 f(A)=2 El+E}+54,;
Qs-fixed points: 2 2D, + 3A3 +2A,
Qs p#2 Qs-fixed points: 4 4D, + 34,
O1s p+2,3 Ds+3A3+2A5 + A
p=2 | f(A)=2 Eg + E3 +2A4,
p+2,3 Ee¢+Dy+4A5+ Ay
SLa(Fs) p=3 f(A)y=2 EZ+ El+ D+ A
Cs p=+2 mod b f(A)=0 5A,
Cy p=+3 mod 8 f(A)=0 247 + As + 34,
Cho p=+2 mod 5 f(A)=0 Ag+2A4 +3A,;
Cio p=+5 mod 12 f(A)=0 Ajp + A+ 245 + 24,
Q16 p=+3 mod 8 f(A)=0 2D + Dy + A+ Ay
Q20 p=+2 mod5 f(A)=0 D7+ Ay + 345
Qo p=+5 mod 12 f(A)=0 Dg+ Dy +2A5+ Ay
ESLy(F3) | p=+3 mod 8 f(A)=0 E-+ Dg+ Az +2A,
SLy(F5) | p=+2 mod b5 f(A)=0 Eg+Dy+ Ay +2A,

Table 2.1: The classification of generalised Kummer surfaces.

As with classical Kummer surfaces, the singular points of Kumg(A), contribute to
the Néron—-Severi lattice of its desingularisation S. This imposes strong constraints on
NS(S), as shown by Garbagnati in [Gar17]. In the case where G = Cj3, more is known:
both the generators of the lattice and the Fourier—-Mukai partners of Kumg,(A) have
been described [RS25].

In chapters 3 and 6, we will see where the singular points come from, when we
construct explicit examples of generalised Kummer surfaces arising from products of
elliptic curves and from Jacobians of genus two curves.
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2.2 Katsura’s classification

In order to prove theorem 2.1.3, we need to determine when the quotient of an abelian
surface by a group action is a generalised Kummer surface. As discussed in the intro-
duction, most of the work has already been carried out by Katsura [Kat87] and Ry-
bakov [Ryb24], so we will build on their results and focus on what happens in char-
acteristics 2, 3, and 5.

Let A be an abelian surface, and let G be a finite group acting on A that preserves
the group law. Let w4 be a non-zero regular 2-form on A. This is unique up to a scalar,
as h?>9(A) = 1. Then, given an element g of order n in GG, we must have g*w, = (,wa,
where m | n and (,, is an m-th root of unity.

| Definition 2.2.1.  The action of a finite group G on an abelian variety A is said to be
symplectic if g*wa = wy forall g € G.

In the case where A = E; x E; is a product of two elliptic curves, we have w4 = wy Aws,
where wj is a global differential on F;. A similar description for the case when A is the
Jacobian of a genus two curve can be found in subsection 6.2.1.

| Definition 2.2.2.  The action of a finite group G on an abelian variety A is said to be
rigid if and only if every non-trivial g € G fixes a finite, non-zero number of points.

We have now defined all the pieces that we need to state Katsura’s theorem:

| Theorem 2.2.3 ([Kat87, Theorem 2.4]).  Assume that the characteristic of the base field
is not two. Then A/G is a generalised Kummer surface if and only if G satisfies the following
conditions:

« The action of G on A is rigid.
 The action of G on A is symplectic.
o The quotient A/G is singular, and all the singular points are rational double points.

If the desingularisation of A/G is a K3 surface, Katsura proved that, in every char-
acteristic (including two), these three conditions must be satisfied. As for the converse,
the proof relies on the observation that if the three conditions are satisfied, then the
canonical bundle of the minimal resolution of A/G is trivial. Moreover, since the action
is rigid, A/G has singular points, and thus the resolution S contains curves whose self-
intersection number is negative. This implies that S cannot be an abelian, hyperelliptic,
or quasi-hyperelliptic surface. If the characteristic is not equal to two, we can then de-
duce that S must be a K3 surface.

In characteristic two, this implication no longer holds in general, but under additional
assumptions, one can still conclude that the quotient is a K3 surface.

| Proposition 2.2.4. If the characteristic of the base field is two, then theorem 2.2.3 still
holds if we assume that the Picard number of the minimal resolution of A/G is greater than
10.
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Proof. Kodaira’s classification of surfaces states that if the characteristic of the base
field is not two, then any minimal surface .S with trivial canonical bundle must be either
abelian, hyperelliptic, quasi-hyperelliptic or K3. However, in characteristic two, there is
the additional possibility that S is a non-classical Enriques surface defined as the quo-
tient of a K3 surface by the action of the group schemes Z/27Z or « [Liel3, Section 7].
Any condition that allows us to discard this case will suffice to deduce that the quotient
is a K3 surface, for example, if p(S) > 10, then S must be a K3 surface, as the second
Betti number of an Enriques surface is at most 10. O]

Showing that the Picard number of the resolution is greater than 10 is an easy condi-
tion to verify from the singularities of A/G. In particular, in all the quotients considered
in this thesis, the number of exceptional divisors appearing in the resolution of the singu-
larities of A/G forces the Picard number of the minimal resolution to be at least 17. It is
important to note that the three conditions in theorem 2.2.3 are necessary. For instance,
we will use the following result to deduce the rationality of A/G in several cases.

| Proposition 2.2.5 ([Kat87, Theorem 2.11]).  Let G be a finite group acting on an abelian
surface A such that no non-trivial element of G fixes a curve pointwise. If A|/G has at least
one singularity that is not a rational double point, then A/G is a rational surface.

From theorem 2.2.3, Katsura produced a list of all finite groups G such that A/G can
possibly be a generalised Kummer surface. Rybakov’s refined version of the classification
states the following:

| Theorem 2.2.6 ([Ryb24, Proposition 5.1]). Let A be an abelian surface over a field of
characteristicp > 0. Then, A/G is a generalised Kummer surface in the following cases:

G Conditions Singularities of A/G

Cy pE2 16 A,

Cs p+3 9A,

Cy p+2 4A3 + 64,

Ce p+2,3 As +4A5 +5A,

Qs-fixed points: 2 2D, +3A3 + 24,

Qs p#2 Qs-fixed points: 4 4D, + 34,

ng p+2,3 D5+3A3+2A2+A1
SLo(F5) P23 Eo+ Dyt 44,1 A,

Cs p=+2 modb5 f(A)=0 5A,

Cy p=+3 mod 8 f(A)=0 247 + As + 34,

Cho p=+2 mod 5 f(A)=0 Ag+2A4 +3A,

Cio p=+5 mod 12 f(A)=0 A+ Ag+ 245 + 24,

Q16 p=+3 mod 8 f(A)=0 2Dg + Dy + Az + A

Q2 p=+2 mod5 f(A)=0 D7+ Ay + 345

Qo p=+5 mod 12 f(A)=0 Dg+ Dy +2A5+ Ay
ESLy(F3) | p=+3 mod 8 f(A)=0 E-+ Dg+ A +2A,
SLy(F5) | p=+2 mod 5 f(A)=0 Es+ Dy+ Ay +2A,

Table 2.2: The classification of generalised Kummer surfaces when p + G.
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The only cases left to prove of theorem 2.1.3 are the ones in characteristics p = 2,3
and 5, when p divides the order of G.

2.2.1 Rigid group actions

Rybakov’s proved theorem 2.2.6 using the following key idea. Given a group G, the ratio-
nal group algebra Q[G] is isomorphic to the sum of simple algebras Hy corresponding
to irreducible representations V' over Q. From this description, we can construct an-
other algebra, the rigid group algebra Q[G]" of G as the sum over the irreducible
representations without fixed points

QGT™== @D Hy.
V without
fixed points

Then, he proved the following:

| Proposition 2.2.7 ([Ryb24, Corollary 3.9]).  There exists an abelian variety with a rigid
action of G in the isogeny class of an abelian variety A, if and only if there exists a homo-

morphism of Q-algebras Q[G]"& — End°(A).

Using a description of Dickson of the possible subgroups G of SLy(k) [Dic01], he
produced the following list of groups:

| Theorem 2.2.8 ([Ryb24, Theorem 4.3]). Let G be a finite group with a rigid and sym-
plectic action on an abelian surface over k. Then G is one of the following groups:

« G is a cyclic group of ordern € {2,3,4,5,6,8,10,12}. Then, Q[C,,]"'® = Q((,).
« G is a binary dihedral group Q4, of order 4n, where 2 < n < 6. Then, Q[G]"¢ are

G QS Q12 Q16 QQO Q24
QIGT™ | Hapo Hieo Heo(Q(V2)) Hw(Q(VE)) Hu(Q(V3))

« G isSLy(F3), ESLy(F3), or SLo(F5). Then, Q[G]'e are

G | SLa(F3)  ESLo(F3) SLy(IF5)
Q[GTE | Hae Hew(Q(V2)) He(Q(V5))

« p=2,and G is C3 x Cg, or C3 x Qg. Then, Q[G]"& are

G | C3 % Cy U3 x Qs
Q[GTe | Mx(Q[&U]) Ma(Q[Gs])
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e p=3,and G is C3 x Cg, C3 x Qg, or C3 x Q14. Then, Q[G]"& are

G | C3 x Cy C3 x Qg U3 Q1g
Q[GTe | Ma(Q[&U]) Mo(QlG]) Ma(Hs o)

e D= 5, and G is ESLQ(]F5), or 05 X Cg. Then, Q[G]rig are

G | ESLQ(F5) 05 X Cg
Q[G]e | My(Hs o) Mo(Hs,o0)

Here, HI,, , denotes the quaternion algebra over Q that splits at p and at the place at oo and
Ho (K) is the quaternion algebra over a number field K that splits at the real places of K.

In particular, the possible choices for G' and p, when p divides the order of GG, are

. pr = 2, G is an forl<n< 6, Q4m for2<m< 6, SLQ(F3), ESLQ(]Fg), SLQ(F5),
03 X CS, or 03 X Qg.

. pr = 3, G is 03, CG: ng, Q24, SLQ(]F:),), ESLQ(F3), SLQ(]F5), 03 X Cg, 03 X Qg, or
C3 % Q6.

« Ifp=5,Gis Cs, Chg, SLa(F5), ESLy(F5), or C5 x Cs.

2.2.2 Restrictions imposed by rational double points

Katsura’s theorem requires that, for A/G to be a generalised Kummer surface, every
singular point of A/G must be a rational double point. As we saw in section 1.2.1, the
local fundamental group of a punctured neighbourhood around a rational double point
is determined by the type of the singularity.

In what follows, we will show that the quotient map A — A/G imposes constraints
on the possible étale covers of the singular points of A/G, and we will use this informa-
tion to eliminate some of the candidate groups from the previous list.

Let P be a closed point of a normal surface X defined over an algebraically closed
field, let (9?(7 p be the henselisation of Ox p and U = Spec(@&v p). Recall that the local
fundamental group 7 (U \ P) classifies finite coverings of U that are étale except above
P.

| Lemma 2.2.9. Let G be a finite group acting rigidly on an abelian surface A and let
¢ A — A|G be the quotient map. Let P be a point of A such that Stabg(P) is a normal
subgroup of G and let U = SpeC(OZ(P) A/G). Then, Stabg(P) is isomorphic to a subgroup
of m (U~ ¢(P)).

Proof. The map ¢ : A — A/G is finite, and since the action is rigid, it is étale away from
the fixed points of the action of G.
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Now, as Stabg(P) is a normal subgroup of G, the quotient ¢ factors as
A% AJStabe(P) S AJG
where 1) is the quotient of A/ Stabg(P) by the induced action of the group G/ Stabg (P).
Therefore, we have the sequence of ring homomorphisms

Orpy,a/c = Op(py,a/stabe(P) =~ Op,a

and applying the universal property of henselisation and taking spectra, we obtain:

SpeC(OIhD,A) - SpeC(OZ(P),A/ StabG(P)) - SpeC(OZ(P),A/G)

Now, as the map 9 is given by the quotient of A/ Stabg(Q) by the group action induced
on A by G, we deduce that G acts freely in a neighbourhood of ¢(P) and the map
Spec(OL oy 4/stabe(r)) = SPec(Ol by 4/¢) s étale. As a consequence,

(U~ @(P)) = ﬂ-l(speC(OZ(P),A/StabG(P)) N o(P)).

Every element g € Stabg(P) fixes ¢(P) and therefore induces a finite covering of U
that is étale except above ¢( P). Thus, we conclude that

Staba(P) < 7T1(SpeC(OZ(P)A/StabG(P)) No(P)) =m (U~ ¢(P)). [

| Proposition 2.2.10. Let A be an abelian surface over a field of characteristic p, and
let G be a finite group acting rigidly and symplectically on A such that p | |G| and the
singularities of A|/G are all rational double points. Then,

o Ifp=2,G can only be Cs, Cy, Cg or Q12.
« Ifp =3, G can only be Cs3, Cg or SLo(IF3).
o Ifp=>5, G can only be Cs.

Proof. Since G c End(A)*, every element g € G fixes the identity element O of A.
By lemma 2.2.9, the local fundamental group of a punctured neighbourhood around the
image of O in A/G must contain G as a subgroup. Thus, G must be a subgroup of one
of the local fundamental groups listed in subsection 2.2.2 for rational double point sin-
gularities in characteristic p.

In characteristic 2, the only such local fundamental groups whose order is divisible
by two are Cy, Cy, Cg, Q12 and D,,, for m odd. The only groups among those listed in
theorem 2.2.8 that are subgroups of any of these are precisely Cs, Cy, Cs and Q12.

In characteristic 3, the only possible local fundamental groups of order divisible by
3 are (3, Cg, and SLy(TF3), all of which appear in theorem 2.2.8.
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In characteristic 5, the only possibility consistent with Theorem 2.2.8 is C'5. Further-
more, in this case, Rybakov has shown that A must be supersingular [Ryb24, Corollary
5.4]. O

| Remark 2.2.11.  Note that we are not claiming that all the groups listed above neces-
sarily give rise to generalised Kummer surfaces. However, we will later see that except for
C's in characteristic five, we can construct examples of Kumg(A) in the rest of the cases.

2.3 Computing the type of singularities

A useful point of view to study an action of a group G on an abelian variety A is to study
the induced action of G on the Tate module of A. If p 4 |G|, for instance, we have the
following result:

| Proposition 2.3.1 ([Ryb24, Proposition 3.3]). Let G act on an abelian variety A over
a field of characteristic p, and let { # p and p 4 |G|. The following are equivalent:

« The action of G on A is rigid which, as we saw, meant that every non-trivial element
g € G has only finitely many fixed points.

o The representation of G in V,(A) is without fixed points, i.e., for any g € G of
order n the eigenvalues of the action of g on V,(A) are primitive n-th roots of unity.

Suppose now that A is an abelian surface in characteristic p that is not supersingular.
Then, as we saw earlier, the p-adic Tate module 7},(A) is a free Z,-module of rank equal
to the p-rank f(A). In this setting, we can still deduce a similar criterion:

| Proposition 2.3.2. Let A be an abelian surface in characteristic p that is not supersin-
gular, and suppose G acts rigidly on A. Then the representation of G on V,(A) is without
fixed points.

Proof.  Suppose that the representation of G on V,,(A) was not fixed-point free. Then
there would be an element g € GG of order n and a primitive r-th root of unity ¢, with
r < n such that ¢, is an eigenvalue of g. In this case, the action of ¢g" on V,,(A) would
have 1 as an eigenvalue, implying that g” fixes a non-zero vector v € 7,,(A). But then, for
each j > 1, the torsion point v; € A[p’] corresponding to the compatible system defining
v would also be fixed by ¢g". This shows that there would be infinitely many fixed points,
and this leads to a contradiction. O

Let g € G be an element of order n acting rigidly. Whenever p 4+ n or f(A) > 0, from
the above propositions we deduce that the representation of G in V,(A) is without fixed
points. Therefore, the Tate module 7),(A) is a free module over the discrete valuation
ring Z,[(, ], where ¢, acts as g.
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| Proposition 2.3.3. Let G be a finite group acting rigidly on an abelian variety A and
let ¢ be a prime. If { = p, assume that f(A) > 0.

1. Ifx € A'is a point fixed by an element g € G of order (", then x € A[(](k).
2. If G = Cyr, the set of fixed points of G is a subgroup of A[¢](k) of order £"(47), where

_ log, (#A[¢])
n(l,r) = W.

Proof. 1. As g € G has order (7, T;(A) is a free module over Z,[(;-] and if x is a
fixed point of g, then ((;» — 1)« = 0. Therefore, the norm Normg¢,.y/(er = 1) = £
also annihilates x, so x € A[(](k).

2. Letn(¢,r) be the rank of T;( A) as a free module over Z,[(, ]. We also know that,
as Z;-module, rankz, (7;(A)) = log,(#A[(]) and

L[ Cer] = L[] [(Per () Zo[])

where @, (x) is the ¢"-th cyclotomic polynomial. As the degree of &, () is
o) = (£ -1)¢r1, we deduce that

_ log,(#A[(])
n(l,r) = -

Now, the set of fixed points of G is isomorphic to

To(A) /(g - DT(A)) 2 (Zo[Cor 1) ((Cor = D Zg[Cor]))MED.

We know that Z,[(,- ] is a completely ramified extension of Z, and one can check
that ((; — 1) is a uniformiser of Z,[ (], so

L[ Cer )/ ((Cer = 1) Zg[Ger]) 2 Fe
and the number of fixed points is £7(4:7). O

One thing that is hinted in this proposition is that for an element g of order ¢" to
act rigidly on A, (¢ - 1)¢"~! must divide log,(#A[¢]). This is true because if G = (g)
acts rigidly, the action of G on V;(A) has to be semisimple with eigenvalues given by
primitive ¢”-th roots of unity.

As a consequence, the representation of G on V;(A) factors through a direct sum of
characters that are ¢"-th roots of unity. Not all of these characters are defined over Q,
but they become defined over Q,((;r), where (;» is a primitive {"-th root of unity. The
Galois group Gal(Q((,)/Qy) acts on these characters, and each primitive character of
order (" has a full Galois orbit of size [Q({sr) : Q] = (£7).
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Each such orbit spans an irreducible representation of G over Q, of dimension ¢(¢"),
corresponding to the sum of all Galois conjugates of a given primitive character. There-
fore, to write down a rigid action of G on V;(A), we must be able to fit copies of
these irreducible representations of dimension ¢(¢") into V;(A), which has dimension
log,(#A[/¢]). Hence, we obtain the divisibility condition:

(€=1)0" [log,(#A[¢]).

For abelian surfaces, when ¢ # p, log,(#A[(]) = 4 and we therefore deduce that the
possibilities are (¢,7) = (2,1),(2,2),(2,3),(3,1) and (5,1).

If ¢ = p, log,(#A[¢]) = f(A), soif f(A) = 2 the only possibilities that can happen
are (¢,r)=1(2,1),(2,2) and (3,1), and if f(A) =1 the only possibility is (2,1).

If G is not cyclic, we can use the information about the Sylow ¢-subgroups of GG to
deduce information about the fixed points of G

| Proposition 2.3.4 ([Ryb24, Lemma 5.2]). Under the same assumptions as in proposi-
tion 2.3.3, we also have the following:

1. If H is a subgroup of G such that { does not divide the order of H, then the action of
H on A[(](k) only fixes O.

2. Let G be a fixed Sylow (-subgroup of G, and let ny be the number of points in A
whose stabiliser is exactly G\©). Let sy be the number of conjugacy classes of Sylow
{-subgroups of G. Then the total number of points that are fixed by any group Sylow
C-subgroup is syny.

Combining the results of the propositions 2.3.3 and 2.3.4, we deduce that if p divides
the order of G and f(A) > 0, the only possible groups G acting rigidly and symplectically
on an abelian surface A such that A/G has only rational double points are the following:

G Conditions Singularities of A/G
)= 1D}

G2 | P2 Py =1 2D’

03 pP= 3 f(A) =2 3E61

Co |p=2] f(A)=2 5E3+ D}

C p=2|f(A)=2 El+ D} +4A,
R B EA

Qi |p=2]|f(A)=2 Ef + E3+2A4,

SLQ(]F?,) p=3 f(A):2 E§+Eé+D4+A1

Table 2.3: A classification of generalised Kummer surfaces when p | G and f(A) > 0.

In the next chapter, we will see that all of these cases are possible even when we
restrict ourselves to the case where A is the product of two elliptic curves.
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2.4 About the supersingular case

Since the start of section 2.3, we have been assuming that whenever p | |G|, the abelian
surfaces we considered were not supersingular. While this may appear to be a strong
assumption, we propose the following conjecture:

| Conjecture 2.4.1.  Let A be a supersingular abelian surface over a field of characteristic
p. Then, there is no action on A of a finite group G with p | |G| such that the minimal
resolution of A/G is a smooth K3 surface.

This conjecture is motivated by the fact that, to the best of our knowledge, no such
examples have been constructed in the literature. Moreover, in all the new examples we
have computed involving actions on supersingular abelian surfaces, the resulting quo-
tients consistently exhibit elliptic singularities. We will discuss specific instances of this
phenomenon in the next chapter.

In light of conjecture 2.4.1, it is particularly relevant the work of Matsumoto on what
are known as inseparable Kummer surfaces [Mat24]. He showed that, although the
quotient of a supersingular abelian surface by (¢) is not a K3 surface, one can construct
inseparable analogues that share many key properties with classical Kummer surfaces.
For example, these inseparable Kummer surfaces admit coverings Y — X such that the
smooth locus of Y is a group variety.



3 | Generalised Kummer surfaces associated
to the product of elliptic curves

3.1 Introduction

In the previous chapter, we compiled a list of possible groups GG and conditions on the
abelian surface A under which Kumg(A) could be a generalised Kummer surface in
positive characteristic. However, it is not immediately clear why such surfaces should
actually exist.

In this chapter, we will show that they do exist by constructing explicit examples in
the special case where A is the product of two elliptic curves. This is because, particu-
larly when A = E x E, the endomorphism ring End(A) admits a simple description: it
is isomorphic to the matrix ring M,(End(E)). As a result, group actions on A can be
understood as matrix groups with entries in the ring of integers of a number field or in
a quaternion algebra.

Recall from the last rows of table 2.2 that there are generalised Kummer surfaces that
occur only in positive characteristic, and only when A is a supersingular abelian surface.
These are the cases where G is C5, Chg, C1a, Q16, Q24, ESLy(F3), and SLy(F3). The ex-
istence of generalised Kummer surfaces for the cyclic groups in this list was proven by
Katsura [Kat87, Examples 1-11], and for the remaining groups, by Rybakov [Ryb24, Lem-
mas 6.6 and 6.7]. The construction of these examples is somewhat involved, and for that
reason, we will not discuss them in this thesis.

Instead, we will focus on the remaining cases. For cyclic quotients, we will describe
a geometric method for constructing a rigid and symplectic action on a product of two
elliptic curves, and explain how to explicitly compute the quotient surface under this
action.

We will also provide examples of the actions of Qs, 12, and SLy(F3) on products
of elliptic curves. Furthermore, by analysing the fixed points of these actions, we will
describe the singularities of the corresponding quotients. However, we will not give ex-
plicit defining equations for these quotient surfaces.
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3.2 Cyclic quotients

Let E be an elliptic curve given in Weierstrass form by V( f) c P2, where

f=v*2+a1wyz + azyz® — (2 + apr?z + ayw2® + ag2®).

We will now explain how to construct the quotient of the product of two elliptic
curves by actions of the groups C, C3, Cy, or Cs.

3.2.1 The action of order two

The Kummer surface associated with the product of two elliptic curves has been exten-
sively studied. For the sake of completeness, we describe here how to compute a model
in a similar spirit to the description given by Shioda [Shi74].

Let £y and E5 be elliptic curves given in Weierstrass form by the equations

Ei: y?z+aizyz + agyz? = 28 + a0x’z + aur® + ag2?,

Ey: vz + bizyz + bayz? = 23 + b2 + bywz? + b 2.

The involution that sends any element of F; x Ej to its inverse is given by the map

12 By x By — Fy x Fy

([$1 SYr 2’1], [352 SYa - 2’2]) — ([501 FTY1 1Ty —azzy - 2’1], [352 FTY2 — bixg —bgzy 2’2])

We now construct the Kummer surface Kum(F; x E;), which is the quotient of
E x E5 by the action of .. We define a grading on P? x P2 by setting the multidegree of
{x1,y1,21} to be ((1)) and the multidegree of {x2,y2, 22} to be ((1)) It is easy to see that
the functions {1, 21, 22, 22} are invariant by the action of . Moreover, the function

w = 212’2(2y1y2 + (a1x1 + azz1)ys + (o + bgz2)y1) (3.2.1)

is also invariant under ¢ and has multidegree (3) One can check that x4, 21, 22, 25 and w
generate all invariant functions in the function field of £ x 5. These invariants satisfy
a relation of the form

w2 + UJZlZQ((IllL'l + agzl)(bleQ + b32’2) = leng(fL’l, X9, 21, ZQ), (322)

for some degree six polynomial fg € k[, x2, 21, 22].
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Geometrically, there is another way to arrive at this model, which we will now de-
scribe, as it will connect nicely with the method used to compute the quotient by the
action of C;. Consider the map

P By x By — P! x P!
([z1 912 21], [w2 0 Y2 2 22]) V= ([21: 2], [72 5 22]),
which assigns to a pair of points (P;, ) the vertical lines ¢p, and ¢p, passing through

them. Note that this map is not defined at the curves {O} x E5 and E; x {O}, but one
can check that it extends to a morphism.

Observe that (P, P,) and (- P;, - P;) are mapped to the same point in P! x P! under
1), and therefore the map descends to a morphism

¢K: Kum(El X Eg) —> IP)]' X Pl.

This is generically a 2-to-1 cover: the fibre over a generic point (¢p,, {p,) consists of
the four points (P, +P,), which yield two distinct points in the Kummer surface.

Assuming that the characteristic of the base field is not two, Kum(FE; x F5) can be
described as a double cover branched along the ramification locus of k. The ramifi-
cation occurs precisely when P; = —P; or P, = —P,. Therefore, Kum(FE; x E) can be
defined by the equation

v? = 2129(w1 — e 21) (@1 = a2 ) (21 = a2y ) (w2 = Br22) (@2 = Paza) (2 = B22),

where «; and f3; are the z-coordinates of the 2-torsion points of /2, and 5, respectively.
This means that

v? = 2129(23 + apaizy + agr2F + gz + }L(alasl +a321)?) (23 + bax3zg + bywo2s + bg2s + i(blxg +b329)?)

This model does not work well for fields of characteristic two; however, by considering
the change of variables

w =20 - %(alxl +azz1)(b1xs + b3z)

and clearing the powers of two of the denominator, we recover the equation 3.2.2, which
works well in characteristic two.

Therefore, Kum (£ x ) admits a model as a hypersurface X inside the scroll P(M')
where
110
w=(o o)
While this model works well if we want to work in affine patches of it, it is not very
convenient for other tasks such as computing the singular points of the variety.
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For that purpose, we can re-embed our variety inside P(1,1,1,1,2) by considering
the image through the following map:

X —P(1,1,1,1,2)

Y A

[T1:21: @01 20 W] —> [T120 1 X129 1 X921t 2120 W]

Then, Kum(FE x E) is given by the intersection of a polynomial of weighted degree two,
and the image of the equation 3.2.2 inside P(1, 1, 1, 1, 2), which has weighted degree four.

If the characteristic of the base field is not two, this surface has sixteen singularities
of type A; corresponding to the fixed points of £ x E5 by the action, which is its 2-
torsion subgroup.

If the characteristic of the base field is two, then the number and type of singular
points depend on the p-rank of F; x Fs.

« If the p-rank is 2, it has four rational singularities of type D}.
« If the p-rank is 1, it has two rational singularities of type D2.

« Ifthe p-rank s 0, it has one elliptic singularity of type 19), in the sense of Wagreich
[Wag70] or A, o+ A, o+ A, o+ A, o+ A, , in the sense of Laufer [Lau77]. In this case,
the Kummer surface associated to this surface is not a K3 surface, as a consequence
of proposition 2.2.5.

Figure 3.1: Resolution graph of the A, , + A, , + A, , + A, , + A, , singularity.

3.2.2 The action of order three

The explicit construction of Kume, (F x E') was recently described by Kondo and Mukai
[KM24, Section 7.2] for elliptic curves expressed as cubics of the form

E: 22+yP+ 22— ayz=0.
We follow similar methods to construct Kume, (E x E), but for E given in Weierstrass
form. We define an automorphism of &/ x E of order three by

3: ExE-—FExE
(P,Q) — (-P-Q,P)
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Geometrically, this corresponds to the following operation: for every two points P, () €
E, consider the line through them, which intersects F in a third point —P — (). Then, the
action 73 permutes cyclically the pairs of points in the line, as we can see in the diagram:

L/\ﬁ

Figure 3.2: Action of 73 on E x E.

Let Kum ¢, (E x E) be the quotient of F x E by this action. We can find a model for
Kume, (E x E) as follows. Each pair (P, ()) determines a line /p () in P2, and this line
corresponds to a point in the dual projective plane P2V. Therefore, we can define a map

v ExE— P2V
(PvQ) — KP,Q

As for any two points P, (), any pair of points in the set { P,Q,-P —Q} is sent to the
same line, the map v factors through the quotient. Hence, we obtain an induced map
Vg : Kume, (E x E) - P2, Generically, the preimage of a point under ) consists of
3! = 6 ordered pairs (P, @), but three of these are identified in Kum ¢, (E x E), so 9 is

a double cover of P2.

To describe Kum ¢, (E x E) explicitly, it suffices to compute the ramification locus
of Y. A point (P,Q) € E x E lies in the ramification locus if and only if two of the
pairs in the orbit (P,Q), (-P - @, P) and (Q,-P — Q) are equal in Kum¢,(E x E).
This happens precisely when the line {p ) is tangent to £ at one of the three points.
Therefore, the ramification locus is the dual curve EV c P2V, which is the image of the
map

qb: E_>]P;2,V
Of oy, 9f (py. O
P [%(P). 5, (D) aZ(P)]

This curve EV is a sextic, defined by the vanishing of a homogeneous degree six poly-
nomial hg € k[u,v,w].
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Therefore, Kum ¢, (E x E) can be described as a double cover of P? branched over
V(he), and thus given by an equation of the form

t? = he(u, v, w) (3.2.3)
in weighted projective space P(1,1, 1,3), assuming the characteristic is not two.

In characteristic two, this model of a curve would give rise to an inseparable cover.
To construct a valid model in this case, we start in characteristic zero, find a model there
that reduces well at two, and then specialise it to characteristic two. When we reduce
modulo 2 the coefficients of the model given by equation 3.2.3, we obtain that ¢ = ¢3 for
some polynomial g3 of degree three. Then, by lifting g3 to characteristic zero and setting

1
fo =7 (he - g3),
we obtain the following model of Kum ¢, (E x E) in characteristic zero
2+ g3 (u, v, w)t + f(u,v,w) = 0.

which reduces well at two.

In characteristic different from three, Kum ¢, (F x E') has nine A, singularities, aris-
ing from the fixed points of the action of C's. These correspond to the inflection points
of F, which are the 3-torsion points £[3].

In characteristic three, the fixed locus of the action depends on whether F is ordi-
nary or supersingular. If F is ordinary, then F[3] 2 Z/3Z, and Kum ¢, (F x F) has three
singularities. The resolution of these singularities reveals that the intersection matrix
of the exceptional divisors is of type Ej, and the Tjurina number is seven, showing that
the singularities are of type E.

If E is supersingular, then we can check that (E x E')/C}3 has a single elliptic singu-
larity, of type Dy ... in the notation of Laufer [Lau77].

Figure 3.3: Resolution graph of the Dy ... singularity.

In the cases where the singularities are rational double points, applying the adjunc-
tion formula, one can check that the canonical divisor of Kum ¢, (E x E) is trivial and
therefore, these are K3 surfaces. If the base field has characteristic three and E is super-
singular, (F x E)/Cj is a rational surface by proposition 2.2.5.
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3.2.3 The action of order four

Whenever we have that A = E x E, we can define an action of order 4 on A by

7y BExFE-—FExFE
(P7Q)'_)(_Q7P)

Then, 74(74(P,Q)) = (-P,-Q) and therefore, 7 is the involution .

The action can be described through the following diagram:

e
N N

Figure 3.4: Action of 7, on F x E.

For constructing the quotient of £ x I/ by the action of order two, we studied the map
that assigns to every ordered pair of points the corresponding ordered pair of vertical
lines passing through them. For the quotient by the action of order four, we will instead
consider a map ¢ that assigns to each pair of points the unordered pair of vertical lines
passing through them.

Let 75 : P! x P! — P! x P! be the morphism that swaps the two copies of P!. The map
¢ is the composition of the map 1) : E x E — P! x P! that we defined in subsection 3.2.1
with the quotient map 7, : P! x P! — (P! x P1)/(73). In coordinates, < is given by

¢ ExE—DP?

([w1:y1: 2], (w2 Y2t 22]) — [T122 : 2120 120 + T221 ]

As with the previous case, it is straightforward to check that this map descends to a
morphism on the quotient surface Kum ¢, (E x F), and that the induced map is a double
cover.
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Assuming that the characteristic of the base field is not 2, the ramification locus of
this map corresponds to the union of the following curves in P2:

1. The locus of unordered pairs of vertical lines that coincide forms a conic in P2,
2. The locus of unordered pairs where one of the lines is tangent to a 2-torsion point
of E are four lines in P2, each line corresponding to a 2-torsion point.

These five curves form a highly symmetric configuration in the plane: the four lines
all intersect one another, and the conic is tangent to each of the four lines, as illustrated
in the diagram below:

Figure 3.5: Ramification locus of the map Kum ¢, (E x E) - P2

This construction gives rise to a model of Kum ¢, (E x E') as a degree six hypersur-
face inside P(1,1, 1, 3).

This surface has four singularities of type As, which are the images in the quotient of
the points of the form (P, P) for some P € E[2], and six singularities of type A;, which
arise from points (P, Q) with P,Q € E[2] and P # Q). There are twelve such points, but
they are identified 2-to-1 by the quotient. In the description of the surface as a double
cover, all singularities correspond to singular points of the ramification locus. Specifi-
cally, the Aj singularities are the tangency points of the conic with the lines, while the
A; singularities correspond to the pairwise intersections of the lines.

| Remark 3.2.1.  Given any configuration of four lines and a conic as described above, it
is not difficult to show that, up to isomorphism, one can always construct an elliptic curve
E such that the surface X¢ c P(1,1,1,3), defined as the double cover ramified along the
configuration, is isomorphic to Kum¢, (E x E).

To obtain a description that also works in characteristic two, we construct a set of
functions that are invariant by the action of 7. These define the following map:

ExE—P(1,1,1,3)

(Pl7 PQ) — [I'1I2 L Z21R9 X120 + X9z ¢ (IlZQ - 1’221)’[} - IL'QZ%ZQ((le'l + agzl)(alxg + agZQ)],

where v is the function defined in equation (3.2.1).
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The image of this map is a sextic hypersurface, giving a model of Kum¢,(E x E)
that is valid in any characteristic. In particular, in characteristic two, if F is an ordi-
nary elliptic curve, Kum¢, (F x E) is a K3 surface with two singularities of type E3,
corresponding to the images of the points (P, P) for the two distinct 2-torsion points
P € E[2], and a singularity of type D} arising from the two points (P, Q) with P # Q.

If F is the unique supersingular elliptic curve in characteristic two, Kum¢, (E x E)
is a rational surface. This can be deduced either from the fact that Kum¢, (F x E) is a
quotient of Kum(F x '), which is already rational, or from the fact that Kum ¢, (E x E)
has an elliptic singularity of type A, , + A., + As o + Az s, in the notation of Laufer
[Lau77].

Figure 3.6: Resolution graph of the A, , + A, , + A, , + A3 .., singularity.

3.2.4 The action of order six

Every elliptic curve has an action of order two given by the involution ¢, and composing
this with the order three action 73 gives rise to an action of order six in £ x E by

¢ ExXxFE—FExFE
(PvQ)'—>(P+Q7_P)

Geometrically, this action can be described through the following diagram:

Figure 3.7: Action of 75 on E/ x F.
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Let Kum¢, (£ x F) denote the quotient of E' x E by this action. In a similar spirit
as in the order three case, let P and () be two different points of £. Then, the lines
lpg and {_p_¢ can both be understood as points in P%V. Now, consider the quotient of
P2V by the action 7, that identifies {pg and ¢_p_g. One can check that the invariant
functions of the coordinate ring of P? are generated by two invariants of degree one and
one invariant of degree two. Therefore, P?/75 2 P(1, 1,2) and we can construct a map

v ExE—P(1,1,2)
(P,Q) — [lro]

Although the construction of this map may seem somewhat indirect, its purpose is clear.
As in previous cases, it descends to the quotient, inducing a morphism

¢KI Kumc6(EXE)—>P(171,2)

Generically, the fibre over a point in (1, 1, 2) consists of twelve pairs of points in F x E/
(six on each of the lines {p and {_p _(), and since six of these are identified in the quo-
tient, we find that ¢k is a double cover of P(1, 1, 2).

Assuming that the characteristic of the base field is not two, the ramification locus
of Y consists of two components:

1. The image of the dual curve EV by the quotient by ¢, which corresponds to the
vanishing of a weighted degree six polynomial.

2. The locus where P = —(Q), i.e., where the line {p, is vertical. This corresponds to
the vanishing of a weighted degree two polynomial in P(1,1,2).

Hence, the ramification divisor is cut out by a degree eight polynomial, which factors
into components of degrees two and six.

As before, in characteristic two we can obtain a model by specialising from charac-
teristic zero. This yields a surface of the form

2+ ga(u, v, w)t + fa(u,v,w) =0,

where g, is a degree four polynomial (arising from the ramification divisor), and fs has
degree eight.

If the characteristic of the base field is not two or three, then Kum ¢, (E x E) has one
As, four A, and five A; singularities.

As the origin is fixed by the whole group Cj, its image becomes the As; singularity
of Kum ¢, (E x E). There are fifteen non-trivial 2-torsion points in E x F, which under
the quotient contract 3-to-1 to give rise to the five A; in Kum ¢, (E x E).
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There are two types of orbits of this kind:

+ On the one hand, we have the points of the form (P, )) where P and @ are dif-
ferent 2-torsion points. In the quotient there are two points of this form, and in
our model of Kum ¢, (E x E') they correspond to the two A; ambient singularities
that appear as a result of Kum ¢, (F x E') being embedded in P(1,1,2,4). These
can be found as the intersection of Kum ¢, (F x E) with the variety described by
the vanishing of the two variables of degree one.

« On the other hand, we have the three points of the form (P, P) where P € E[2].
As the tangent line at these is vertical, the image of these points in P(1,1,2,4) is
in the intersection of the factor of degree six and the one of degree two.

The eight non-trivial 3-torsion points fixed by 72 contract 2-to-1 to give the A, sin-
gularities.

If the characteristic of the base field is two and F is ordinary, Kum ¢, (E x F) has
one E}, one D} and four A, singularities. The E} corresponds to the Cs-action at the
origin. Using Magma, we can see that the intersection matrix of the exceptional curves
of the desingularisation of these singularities form an Ejy configuration, and as the Tju-
rina number is six, we deduce that the singularity is of type E}. The D} come from
the fact that the three non-trivial 2-torsion points contract 3-to-1 from Kum(E x E) to

Kum ¢, (F x E) and the four A, because the eight 3-torsion points contract 2-to-1 from
Kume, (E x E) to Kum ¢, (E x E).

If the characteristic of the base field is two and FE is supersingular, we know that
(E x E)/Cg is not a K3 surface, as it is a quotient of (E x E)/(¢), which is rational.

If the characteristic of the base field is three and F is ordinary, Kum ¢, (F x F) has
one El, one £} and five A; singularities. We check with Magma that the singularity at
the origin is E! by resolving it and checking that the Tjurina number is seven, which
rules out the possibility of it being of type EY. The E/ singularity is the result of the fact
that the two Ej singularities of Kum ¢, (E x E') contract to one. The description of the
A; singularities is identical to the characteristic zero case.

If the characteristic of the base field is three and F is supersingular, (E x E)/Cj still

has five Ay, but instead of one E} and one F} rational double point, it has an elliptic
singularity of type T'r in Laufer’s notation [Lau77]. Hence, it is a rational surface.

Figure 3.8: Resolution graph of the 7'r singularity.

One thing that may not be apparent from the dual graph is that the exceptional lines
all meet in one point, but this information can be extracted using Magma.
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3.3 The quotients by Qs, Q15 and SLy([F3)

A major difference between the cyclic cases and the quotients we are about to describe is
that, whereas in the previous cases we could construct positive-dimensional families of
examples, there are only finitely many quotients by the actions of Qs, 12, and SLy(F3).
Many of these group actions were first described by Fujiki, who studied them in the
context of automorphisms of complex tori [Fuj88].

Another important point is that none of these groups is a subgroup of M,(Z), since
it is known that the only finite subgroups of GL3(Z) are Cy, Cs, C2, Cy, Cg, S3, Dy, and
Dg [Vos67]. Therefore, to realise the actions by these groups, A has to be the product of
curves with complex multiplication.

3.3.1 Two examples of elliptic curves that have complex
multiplication

The simplest examples of elliptic curves with complex multiplication are those with j-

invariants 0 and 1728, which have multiplication by (5 and i, respectively. In these two

cases, Fujiki showed that £, x E, and E; x F; both admit rigid and symplectic actions
by all three groups (s, @12, and SLy(F3) [Fuj88, Theorem 4.2].

However, neither of these curves has good ordinary reduction at the primes p = 2 or
3, so they cannot be used to construct examples of Kumyg,,,(A) in characteristic two or
Kumgp,, (r,)(A) in characteristic three. For this reason, we now present two less com-
mon examples of complex multiplication elliptic curves, found in the LMFDB [The25].

The curve with complex multiplication by \/2i

Let F s; denote the unique elliptic curve (up to isomorphism) with complex multiplica-
tion by V/2i. 1t has j-invariant 8000, and a model over Z is

=322 -3z -1

The map corresponding to multiplication by \/2i is given by the 2-isogeny:

22+1 V222 +22-1)y
(”“"’y)H(b(xn)’ Az +1)2 )

The curve E s, has bad reduction only at p = 2, and has good ordinary reduction at
p = 3. The reduction at three defines a curve over 3 whose Frobenius endomorphism
has characteristic polynomial 22 — 22 + 3, and thus acts as multiplication by 1 + v/2i.
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The curve with complex multiplication by (1 +/7i)

Let I/, denote the unique elliptic curve (up to isomorphism) with complex multiplication
by p = 2(1+\/Ti). It has j-invariant —3375, and a model over Z is

vV roy=a-22-2x-1.
The map corresponding to multiplication by p is given by the 2-isogeny:

(p]: E,—E,

(1) (p-2)22-2p ((2p+4)22+(Bp+2)r—-4p+8)y+(3p-2)(x®+ 2222 -1)
R — -
Y dripi2 1622 + (8p + 16)7 + 2

The curve £/, has bad reduction only at p = 7, and good ordinary reduction at p = 2.
Its reduction at two defines a curve over [Fy with characteristic polynomial 22 — = + 2.
Therefore, the Frobenius acts on this curve as multiplication by %(1 +/Ti).

3.3.2 The actions by ()

Let A= FE 5 x E 5, We will now construct two different actions of Qs on A such that
the quotients by the two actions have different singular points.

(s can be described by the presentation Qs = (04, 74| 0, 0372, 0474047, ') and, thus,
we can see that (s acts on A by considering the following two automorphisms:

oy By x B — B g x B T By X By — B x B
(P.Q) — ([V2ilP - Q,-P - [V2i]Q) (P,Q) — (-Q. P)

The quotient by this action Kumg, (£ 5; x E s5,) has two D, three A3 and two A;
singularities.

We saw in subsection 3.2.3 that the fixed points of 74 are the subgroup of points of
the form (P, P) with P € E s,[2], i.e. P €{O,(-1,0),(1-v/2,0), (1+v/2,0)}. It takes
a bit more work to check that the fixed points of o, are

{0,((~1,0),(~1,0)), ((1 =+/2,0), (1 ++/2,0)), ((1 +2,0), (1 -/2,0))}.

Therefore, two points are fixed by Qg: O and ((-1,0), (-1,0)). The images of these
two points by the quotient map are the two D, singularities.

One can check that there are three subgroups of Qs isomorphic to Cy: (04), (74) and
(0474). One can check that each of these groups fix O and ((-1,0),(-1,0)) and two
other different 2-torsion points.
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So, in total, there are six 2-torsion points that are fixed by a unique copy of C}, and
through the quotient map, they map 2-to-1 to the three A3 singularities. The eight re-
maining 2-torsion points of F 5, x F s, that are not fixed by any copy of C'y map 4-to-1
to the A, singularities.

A different action of ()g on A is the one generated by the following two automor-
phisms:

G B} By — B < B
(P.Q) — (P +[V2i]Q,[V2i]P - Q)

Uy E\/iiXE\/ii_)E\/iixE\/ii
(P,Q) — ((-1+[V2i])P -2Q,-[V2i]P+ (1- [V2i])Q)

The quotient by this action Kumg,(E 5, x E ;) has four D, and three A; singu-
larities.

The fixed points of ¢, are those of the form (P,Q) € (E 5; x E 5;)[2], where both

P and Q are in the kernel of [\/2i], so P,Q € {O,(~1,0)}. It can be shown that these
same points fixed by vy, and therefore, by the whole (Js. The image of these points by
the quotient map would be the four D, singularities.

The other twelve 2-torsion points are not fixed by any copy of Cy < Qg and, there-
fore, they map 4-to-1 to the three A; singularities in the quotient.

3.3.3 The action by Q)1
Let A = E, x E,, and consider the automorphisms

70 Ey,xE,— E,xFE, 76t E,xE,— E,xFE,
(P,Q)— (P+[p]Q.([p]-1)P-Q) (P,Q)— (P+Q,-P)

They satisfy that 7577 = 7/ = 7674767, ! = id and therefore, they generate Q;».

In characteristics not two or three, Kumg,,(E, x E,) has one Dj, three A3, two A
and one A; singularity.

It is easy to see that the image under the quotient map of O is the Dj singularity, as
locally this map is the quotient of A? by the action of ()15. One can check that the points
fixed by 74 are those of the form (P, ()) where () € E, is in the kernel of [p], and P € E,
is in the kernel of ([p] - 1).
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Note that ([p] — 1) corresponds to multiplication by (-1 +\/7i), which is also a
2-isogeny, so

(P)={0, ((=5+VTi), (5= V) )}, (Q) =10, (§(=5-VTi), 55(5+ V7i) )},

are both copies of Z/27Z inside E,[2]. Therefore, the points fixed by 7, are a subgroup
(Z]2Z)% < (E, x E,)[2]. Now, there are two other subgroups of order four inside Q)12:
(r473) and (747), and each of these groups fixes a different (Z/2Z)? < (E, x E,)[2].
Hence, in total, there are nine non-trivial 2-torsion points fixed by a copy of C} inside
(212. They are identified 3-to-1 in the quotient and their images are the three A3 singu-
larities.

There are six other 2-torsion points, which are permuted by the actions of 74, and 7'6?,
so under the quotient map, they map 6-to-1 to the A; singularity.

As for the two A, singularities, as we discussed in subsection 3.2.4, there is a sub-
group of order nine of (E, x E,)[3] fixed by 72, and the action of 7, on the eight non-
trivial gives rise to two orbits, whose images under the quotient map are the two A,
singularities.

If the characteristic is two, the picture is quite similar. In that case, Kumg,,(E,x E,)
has one Eél, one E?, and two A, singularities.

The image under the quotient map of O can be checked to be an Ej singularity. This
can be seen from the fact that Cy is a normal subgroup of ()2, and therefore there is a
quotient map 7 : Kume,(E, x E,) - Kumg,,(E, x E,). At the image of the origin,
Kumg, (E, x E,) has a singularity of type Ej§, and 7 is an unramified double cover, so
by the work of Artin, we deduce that the corresponding singularity of Kumg,,(E, x E,)
is of type E3 [Art75, Case 4].

The 2-torsion of £, is the kernel of Frobenius, and therefore, from the discussion in
subsection 3.3.1, the four 2-torsion points of (E, x E,)[2] are the fixed points of 74. Fur-
thermore, these points are also fixed by 74,7 and 747, so they are the fixed points of all
copies of Cy < (Q12. The other three non-trivial 2-torsion points are identified 3-to-1 in
the quotient, yielding an E? singularity. The fact that this is the right type of singularity
can be deduced from the analysis of the quotients by the group C} in characteristic two
that we made in subsection 3.2.3.

Finally, the two A, singularities come from the image of 3-torsion points, in the same
way as in the characteristic p # 2 case.
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3.3.4 The action by SLy(F;3)

Let A=F /3 ¥ FE 3 and consider the automorphisms

T3: E\/ﬁsz\/iz_)E\/ﬁsz\/iz Gyt EﬁzXEﬁz_)E\/ﬁzXE\/ﬁz
(P,Q) — (-P-Q,P) (P,Q) — (P +[V2i]Q.[V2i]P - Q)

Using Magma, one can check that these two automorphisms generate SLy(F3). One can
also check that the automorphism v, that we described in subsection 3.3 is v, = 7'3§47'32
and Qs ¥ (g4, v4) is a normal subgroup of SLy(F3).

In characteristics not two or three, KumSLQ(F3)(E vai X B \/52) has one Ejg, one Dy,
four A, and one A; singularity.

Recall that the elements fixed by (s were those inside (E s, x E z;)[2] of the form
(P,Q) € (E 5 x E 5;)[2] where P,Q € {O,(~1,0)}. Then, the image under the quo-
tient map of O is the Ej singularity, and the other three points fixed by ()s map 3-to-1
to the D, singularity. The remaining twelve 2-torsion points are mapped 12-to-1 to the
A; singularity.

Inside SLy(F3), there are four subgroups of order three: (73), (c473), (7364), and
(c47363). For each of these groups, the set of fixed points is a subgroup of order nine
of (E s; x E s3;)[3]. The action of Qg = (<4,v4) on the thirty-two non-trivial elements
gives rise to four orbits, whose images under the quotient map are the four A, singular-
ities.

In characteristic three, Kumgp,,)(E 5, x E ;) has one E2, one E}, one D, and
one A; singularity.

The image under the quotient map of O can be checked to be an E? singularity, by
studying the quotient map 7 : Kumg,(E 5, x E 5;) = Kumgp,r,)(E 5 x E 5). At
the image of the origin, Kumg, (F 5, x E ;) has a singularity of type Dy, and 7 is an
unramified triple cover, so by the work of Artin, we deduce that the corresponding sin-
gularity of Kumgr, ,)(E 5; x E ;) is of type E3 [Art75, Section 5].

As before, we have a subgroup of order four of the 2-torsion that is fixed by ()s. The
three non-trivial points again map 3-to-1 to the D, singularity and the twelve other 2-
torsion points map 12-to-1 to the A, singularity.

Finally, there are eight non-trivial 3-torsion points that are fixed by the order three
subgroups of SLy(FF3). They get mapped 8-to-1 in the quotient, producing an E} singu-
larity, as discussed in subsection 3.2.2.



4 Kummer surfaces in characteristic two

This chapter is based on the paper Explicit desingularisation of Kummer surfaces in char-
acteristic two via specialisation.

4.1 Introduction

In the previous chapter, we constructed many examples of generalised Kummer surfaces
associated with products of elliptic curves. However, in some sense that we will make
precise in chapter 5, the majority of principally polarised abelian surfaces are, in fact,
Jacobians of genus two curves. In the next three chapters, we will be studying Jacobians
of genus two curves and their associated generalised Kummer surfaces. In particular,
in this chapter we will focus on the theory of (classical) Kummer surfaces arising from
Jacobians of genus two curves.

As we saw, we can always find explicit equations for the Kummer surface of the Ja-
cobian of a genus two curve as a singular quartic surface in P3. If the characteristic of
the field of definition is different from two, this quartic has sixteen nodes corresponding
to the 2-torsion points. It is well known that there is an explicit model of the desingulari-
sation of this quartic as the intersection of three quadrics in ??, and this has connections
with the computation of explicit equations of the Jacobian variety as the intersection of
72 quadrics inside P'5 (section 4.2). For an exposition of this theory, we refer to the book
of Cassels and Flynn [CF96].

The theory becomes more complicated in the case where the characteristic of the
field of definition is two. Then, the 2-torsion of the abelian surface is a subgroup of
(Z]27Z)?, and its associated Kummer surface therefore has fewer singular points, but of
higher complexity (section 4.3). As in the characteristic zero case, there is a way to con-
struct an explicit model for the Kummer surface associated to the Jacobian of a genus
two curve as a quartic in 3. However, following this construction does not generate a
smooth model of the desingularisation of this quartic as the intersection of three quadrics
in P°.

In principle, this could suggest that over a field of characteristic two, Jacobians of
genus two curves and Kummer surfaces behave completely differently compared to how
they behave over a field of any other characteristic. The main purpose of this chapter is
to show that, while there are some differences, much of the already proven theory can
be adapted to work over fields of characteristic two.
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| Theorem 4.1.1.  Given a curve of genus two over a perfect field of characteristic two,
we can compute an explicit projective embedding of its Jacobian as the intersection of 72
quadrics in 1. We can also compute a projective embedding of a partial desingularisation
of its associated Kummer surface as the intersection of three quadrics in P°.

Moreover, both embeddings can be found by specialising from characteristic zero
(section 4.4). Recently, Katsura and Kondo [KK23] used the theory of quadric line com-
plexes to also describe equations for partial desingularisations of Kummer surfaces as
the intersection of quadrics in IP.

Through different methods, we extend their results by showing that simpler models
for these equations can always be computed over the field of definition of the curve. In
order to prove the theorem, we study the geometry of Kummer surfaces in characteristic
two through specialisation from suitable explicit models in characteristic zero (section
4.5). In characteristic zero, there are sixteen special curves called tropes going through
the singular points of a Kummer surface, and we will see how the specialisation of these
curves provides a natural way to study the desingularisation of Kummer surfaces in
characteristic two (section 4.6).

This general theme of studying Kummer surfaces in positive characteristic from the
reduction of a model in characteristic zero will play an even bigger role in section 4.7,
where we construct an example of a Kummer surface with everywhere good reduction
over a quadratic number field. To check that the Kummer surface has good reduction at
all primes, we apply a criterion of Lazda and Skorobogatov [LS23] to study the reduc-
tion at two of an abelian surface with good reduction at all places which is defined over
a quadratic field. This criterion involves studying the action of the absolute Galois group
of the base field on the 2-torsion points, and sheds light on the conditions that have to be
met for a smooth model of a Kummer surface to also reduce to a smooth surface modulo
two.

We have written code that supports all the calculations and allows us to compute
explicit equations for all the varieties that have been described. It can be found in this
repository.

4.2 Models of Kummer surfaces in characteristic
different from two

The theory of how to obtain explicit equations of a Kummer surface and its desingular-
isation over a field k of characteristic zero was first described by Grant in the case of
genus two curves with a rational branch point [Gra90] and Cassels and Flynn in a more
general case [CF96]. The following presentation of the theory is an adaptation of the
description given by Flynn, Testa, and Van Luijk [FTvL12] to the case where we have a
hyperelliptic curve described by a model of the form y? + g(z)y = f(x).


https://github.com/AlvaroGohe/Kummer-surfaces-and-Jacobians-of-genus-2-curves-in-characteristic-2
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Let k be a field of characteristic not equal to two, k* a separable closure of k and
f(2) = 5% fiat and g(x) = £y gia' € k[x] such that J(z) = f(x) + 1g(x)? is a sepa-
rable polynomial of degree six. We will denote by (2 the set of the six roots of f in k2, so
that £(€2) is the splitting field of f over k in k*.

Let C be the smooth projective curve of genus two over k associated with the affine
curve in A2 given by 3 + g(z)y = f(z), let Jac(C) denote the Jacobian of C and let
Jac(C)[2] be its 2-torsion subgroup. All 2-torsion points are defined over k(f2), so
Jac(C)[2](k(2)) = Jac(C)[2](k®). We will denote by W c C the set of Weierstrass
points of C, corresponding to the set {(w;, —3g(w;)) : w; € Q} of points on the affine
curve.

Let ¢ denote the automorphism of Jac(C) defined by sending every point to its in-
verse with respect to the group law and let K¢ be the canonical divisor of C that is
supported at the points at infinity, that is, K¢ = (o0, ) + (c0_), where oo, and oo_ are
the two points at infinity, which may not be defined over the ground field individually.
For any w € W, the divisor 2(w) is linearly equivalent to K¢ and Y,y (w) is linearly
equivalent to 3K.. We let ¢, denote the hyperelliptic involution on C that sends (z,y)
to (z, -y — g(z)). We then have that 1;,(00,) = cos.

For any point P on C the divisor (P)+ (¢;,(P)) is linearly equivalent to K¢, and there
is a morphism C x C - Jac(C) sending ( Py, P,) to the divisor class (P;) + (FP2) - K¢,
which factors through the symmetric product of a curve with itself C(?).

The induced map C(®? — Jac(C) is birational and each non-zero element D;; of
Jac(C)[2](k?) is represented by

Dyj = (wi) = (w;) ~ (w;) = (wi) ~ (w;) + (w;) - Ke
for a unique unordered pair {w;,w;} of distinct Weierstrass points.

We will denote by FPp and P;; the image in X of the identity of the group law and
D,; respectively under the quotient map. Note that P;; lies in the field k(w; + w;, w;w;).
In fact, the map C?) — Jac(C) is the blow-up of Jac(C) at the origin O of Jac(C). The
inverse image of O is the curve on C(?) that consists of all the pairs { P, 1,(P)}. We may
therefore identify the function field k(Jac(C)) of Jac(C) with that of C(?) which consists
of the functions in the function field

k(CxC) = k(xy, 2)[y1, y21/ (07 + g(@1)yr = f(21), 45 + 9(22)y2 = f(22))

which are invariant under the exchange of the indices. It is easy to check that for any
two points P; and P, on C we have

(P1) + (%) = Ke ~ =(en(Pr) + in(P2) - Ke)

and ¢ on Jac(C) is induced by the involution ¢y,.
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We can then check that the induced automorphism ¢* of k(Jac(C)) fixes x; and z,
and changes y; and y, by —y; — g(x1) and —ys — g(x2) respectively. For any function
h € k(Jac(C)) we say that h is even or odd if we have that .*(h) = h or t*(h) = =h
respectively. We will denote by X the Kummer surface of Jac(C), X = Jac(C) /(¢),
and by Y the desingularised Kummer surface, that is, the blow-up of X at the image of
the fixed points of ¢.

We will denote by £;; the (—2)-curve on Y above the singular point P;; of X. Let J
be the blow-up of Jac(C) in its 2-torsion points. We denote the (—1)-curve on J above
the point D;; € Jac(C)[2] by F};. The involution ¢ on Jac(C) lifts to an involution on J
such that the quotient is isomorphic to Y. Therefore, there is a morphism J — Y with
ramification divisor ¥.p, cjac(c)[2] £ij that makes the following diagram commutative:

J — Jac(C)

|

Y — X

For any Weierstrass point w € W of C we define ©,, to be the divisor on Jac(C)
that is the image of the divisor C x {w} on C(?), that is, ©,, consists of all divisor classes
represented by (P) — (w) for some point P € C. These O,, are known as theta divisors
and their doubles are all linearly equivalent. We then have the following result:

| Proposition 4.2.1 ([FTvL12, Proposition 3.1]). Suppose w € W is a Weierstrass point
defined over k. The linear system |20,,| induces a morphism of Jac(C) to P} that is the
composition of the quotient map Jac(C) — X and a closed embedding of X into ;. The
linear systems |30,,| and |4©,,| induce closed embeddings of Jac(C) into P§ and P’ re-
spectively.

For any divisor D on Jac(C), let L(D) = H°(Jac(C), Ojac(c)(D)) and let (D) be
its dimension. Let ©, and O_ be the images of the divisors C x {oo,} and C x {c0_},
respectively, in Jac(C). Then, O, +©_ is a rational divisor in |20, so the maps induced
by |20,| and |40,,| can always be defined over the ground field, and the closed embed-
dings of X and Jac(C) are described by the elements in the bases of £(O, + O_) and
L(2(0,+06.)).

It can be checked that /(©, + ©_) =4 and /(2(O, + ©_)) = 16. Now, it is possible to
find explicit four even functions k1, . .., k4 and six odd functions b1, . .., bg in k(Jac(C))
such that:

« The set {ky,...,ks} forms a basis for £(O, + O_) and therefore the linear system
defines an embedding ¢je,.e_| : Jac(C) = P3, whose image is isomorphic to X.

« If we define k;; = k;k;, {k11,...,Kka,b1,...,b6} is a basis for £(2(0., + ©_)) and
therefore defines an embedding ¢ e,+6_) : Jac(C) = P°.

Then, the Kummer surface X is given by a quartic in P> which has sixteen A; singular-
ities, which are all defined over k((2).
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In fact,

| Proposition 4.2.2 ([FTvL12, Corollary 3.3]). The quotient map Jac(C) — X is given
by

Jac(C) — X
Dr— [k‘l(D) : kQ(D) : kg(D) . k’4(D)]
Let Sym?£ (0, + ©_) denote the symmetry product of £(0, + ©_) with itself.

Then the map

Sym?L(0, +0_) — L(2(0, +6.))

lﬁ' * kj > kij

is injective as the {k;;} are linearly independent. We can therefore identify the space
Sym?£L(0, + ©_) with its image in £(2(60, + ©_)). We can also find an embedding of
Y, the desingularisation of X, in projective space by the following result:

| Proposition 4.2.3 ([FIvL12, Proposition 3.6]).  There are direct sum decompositions

L(2(0,+06.)) (even coordinates) ®  (odd coordinates)

Sym?L(©, +0_) ® L£(2(0,+0.))(-Jac(0)[2])
H(X,¢6,.0 Om(2) ® H(J,07(2(0:+6.)-) Fy))

where L(2(0,+0_)) (- Jac(C)[2]) is the subspace of L(2(©,+O_)) of sections vanishing
on the 2-torsion points. Furthermore, the projection of Jac(C) c P® away from the even
coordinates determines a rational map

Jac(C) — —» P
D+ [by(D):---:bg(D)]

which induces the morphism J — P° associated to the linear system |40, — ¥ F;;| on J,
and factors as the quotient map J — Y and a closed embedding Y — P>,

The even coordinates are the ones given by the functions {k;; }1<; j<1 and the odd ones
the ones given by {b;}1<;<s. As it was mentioned earlier, this basis defines an embedding
of Jac(C) in P'® generated by 72 quadrics:

« A 20-dimensional subspace of the space generated by these quadrics is spanned
by the equations of the form &;;k, = ki kjs for 1 <4, j,r, s < 4.

+ An additional relation between the k;; comes from the fact that there is a relation
between {ki, ..., ks} of degree four which defines the embedding of the Kummer
surface in P3.

« The 21 relations arise from the fact that the space of quadrics of {b,...,bs} has
dimension 21 and the product of two elements of £(2(0, + O_))(-Jac(C)[2]) is
an even function inside £(4(©, + ©_)).
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Therefore, it can be expressed as a polynomial of degree four on the k;. From these
relations, we can construct an explicit birational map X -» Y, defined outside
of the singular locus of X, whose inverse Y -> X is the blow-up of the sixteen
singular points in X.

« Finally, it can be checked that there are eight relations between the elements of
the form b;k; with 1 <4 <6, 1 < j < 4. Multiplying each of these relations by &, ks,
ks and k4, we obtain 32 relations between the elements of the form b;k;,. Not all
these relations are linearly independent, but they generate a 30-dimensional space.

4.2.1 Translation by a 2-torsion point

Given any non-zero element D;; € Jac(C)[2], we can define an automorphism 7;; on

Jac(C) by sending

Jac(C) — Jac(C)
Dw+— D+ Dij

Then, the actions that 7;; induces on £(O, + ©_) and £(2(0, + ©_)) are linear [Fly93]
and, as the involution + commutes with 7;;, we deduce that 7;; induces a linear map in
both X and Y, which is defined over the field of definition of P;;, k(w; +w,, w;w; ). There-
fore, we have an action of Jac(C)[2] on both X and Y defined over k, and over k(£2),
this is an action of (Z/27,)%.

4.2.2 Tropes of a Kummer surface

It is classically known that the Kummer surface X contain sixteen conics known as
tropes satisfying the following properties:

1. Every trope goes through six singular points.
2. Through every singular point there are six tropes going through it.

In the case where the Kummer surface arises from the Jacobian of a genus two curve,
we have a nice combinatorial description of these tropes in terms of subsets of the Weier-
strass points:

+ There are six tropes of the form 7; corresponding to the partitions of the set
{1,...,6} into sets of one and five elements of the form {{i}, {j, k,l,m,n}}. The
trope 7; is defined to be the one going through the singular points

{07 Pij; Pik; Pila Pim> ]Dln}

and in the model of X as a quartic in IP? that we have described, T} can be defined
over the field extension k(w;).

+ There are ten tropes of the form 7;;, corresponding to the partitions of the set
{1,...,6} into two subsets of three elements {{7, j, k}, {l,m,n}}.
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In this case, T} = Ti,n, and the trope T}, goes through the six singular points
{PfL]a -Piky ij) Bmv Pln7 Pmn}

This trope is defined over the minimal field extension that is generated by the sums
and products of {w;, w;, Wy, Wy, W, wy, } which are invariant under the action of the
permutations (ijk)(Imn) and (il)(jm)(kn).

Consider the subvariety C x {w;} inside C(?). Then, another way of describing 7 is as
the image of C x {w; } under the composition of the map C(?) - Jac(C) and the quotient
Jac(C) — X. The rest of the tropes can be obtained as the images of any of these tropes
by a suitable translation by a 2-torsion point, according to the rules:

Tij(Ti) ZTj, Tij(Tijk) ZTk, Tij(Tk) :Tijka Tij(Tikz) :Tjkla

where we are assuming that ¢, j, k, [ are all different indices. According to how the poly-
nomial f(z) + +g(x)? decomposes into irreducible polynomials over k, the number of
tropes and singular points of X defined over £ are described in the following table:

Partition # tropes of type T} | # tropes of type T, | # singular points
{1,1,1,1,1,1} 6 10 16
{1,1,1,1,2} 4 4 8

{1,1,1,3} 3 1 4

{1,1,2,2} 2 2 4

{1,1,4) 2 0 2

{1,2,3} 1 1 2

{1,5} 1 0 1
{2,2,2} 0 0or4 4
{2,4) 0 0 2
{3,3} 0 1 1

{6} 0 0orl 1

Table 4.1: Number of tropes and singular points defined over the base field.

The number of tropes of each type is not too difficult to compute from the description
that we have given, but there are two cases that are quite subtle:

1. The number of tropes of type 7};; can be zero or four when f(z) + 1g(z)? de-
composes in 3 different quadrics. The number of tropes is four if and only if
all quadrics split over the same quadratic number field, as in that case, assum-
ing that the roots of the quadrics are {wy,ws}, {ws, w4} and {ws,ws}, the tropes
{T\35, T136, Th45, T146} are defined over the field of definition of C.

2. The number of tropes of type 7};;, can be zero or one when f(z) + 1g(x)? is irre-
ducible. The number of tropes is one if and only if the Galois group of the sextic is
either Cg or 3, so that there is a partition of the roots {{w;,w;,wx }, {wi, W, wy } }
preserved by the Galois group [AFJR15], and T;j;, is defined over the field of defi-
nition of C.
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The tropes for these special examples have been computed in Examples.m.

Consider the blow-up Y — X. The preimage of every trope of X is a line in Y
that we will denote by either T; or sz k- Then, in Y the tropes no longer intersect each
other and they only intersect with the exceptional divisors Fp and E;; according to the
following rules:

~ ~

Eo-Ti=1, Eo-Ti=0, Ey-Ti=1, Eyj-Tp=0, Ey-Tyr=1, Ey-Ti=0.

The translation 7;; also acts on the exceptional divisors by the rules
7ij(Eo) = Eij, 7ij(Eij) = Eo, Tij(Ei) = Ejg, 7ij (Ext) = Ern,

where ¢, j, k, [, m, n are all distinct indices. Let H be the pull-back of a hyperplane section
of X under the blow-up map. Then, in Pic(Y"), we can express the tropes in terms of H
and the E;; as

Ti=3(H - Eo - Eyj = Eix = B = Ein — Eun),
Ty = 5(H ~ Eij = Eg ~ Eq ~ By = Eip = Equn).-

The Picard number of a Kummer surface is always p+16 where p is the Picard number
of the abelian surface of which it is the quotient. It is therefore possible to prove that,
for a sufficiently general Kummer surface, Pic(Y) is generated over Z by the classes of
the sixteen exceptional curves, the sixteen tropes and the hyperplane section H [Keu97].

4.3 Kummer surfaces over fields of characteristic two

Let C be a genus two curve and now assume that the ground field is a perfect field k of
characteristic two.

Recall that the 2-torsion of the Jacobian of C is given by

Jac(C)[2](k) = (Z)27)",

where 0 < 7 < 2 is the p-rank. Then, both the moduli space of curves of genus two and
the moduli space of abelian surfaces are stratified in terms of the p-rank, and Jac(C) is
one of the following:

 Ordinary (if the p-rank is 2).
« Almost ordinary (if the p-rank is 1).
« Supersingular (if the p-rank is 0).
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In each of the cases, the singular points of the quotient X = Kum(Jac(C)) have been
found [Kat78] to be the following:

« In the ordinary case, X has four rational singularities of type Dj.

« In the almost ordinary case, Jac(C) /(¢) has two rational singularities of type D2.

« In the supersingular case, Jac(C) /(¢) has one elliptic singularity of type (4 ; in
the sense of Wagreich [Wag70] (in which case, the Kummer surface associated to
Jac(C) is not a K3 surface).

If we consider A to be an abelian surface, not necessarily the Jacobian of a genus two
curve, we also have the additional possibility that A can be supersingular and super-
special, that is, it can be isomorphic to the product of two supersingular elliptic curves.
In that case, as we saw in subsection 3.2.1, A/(¢) has an elliptic double singularity of
type 19). This situation cannot happen for Kummer surfaces associated to Jacobians of
curves of genus two [IKO86, Theorem 3.3].

In order to understand the resolution of singularities in these cases, Schroer observed
that blowing-up the schematic image of Jac(C)[2] inside X generated a crepant partial
resolution of the singularities [Sch09]. We claim that the equations for these partial res-
olutions can be obtained through a similar method as in characteristic zero.

| Theorem 4.3.1.  Following the same notation as in section 4.2, for a general genus two
curveC over a perfect field of characteristic two, inside the subspace of sections vanishing on
the 2-torsion points with multiplicity at least two, L(2(©, +O_)) (-2 Jac(C)[2]) thereisa
subspace of dimension six which generates an embedding of a surface in P> as the complete
intersection of three quadrics. This surface Y is a partial desingularisation of the quartic
model of a Kummer surface and has the following singularities:

« IfJac(C) is ordinary, Y has twelve singularities of type A;.

« IfJac(C) is almost ordinary, Y has two singularities of type DY and two singularities
of type As.

« If Jac(C) is supersingular, Y has an elliptic singularity, which, in Laufer’s notation
[Lau77, Table 3], has type A, o+ Av o+ Ao+ Au o+ As .

Furthermore, this embedding can be defined explicitly over the field of definition of the
curve, and it can also be found by specialising from characteristic zero.

As mentioned in the introduction, Katsura and Kond6 used the theory of line com-
plexes to obtain similar results for Kummer surfaces that do not necessarily come from
the Jacobians of genus two curves [KK23].

Furthermore, for Kummer surfaces coming from the Jacobians of ordinary genus two
curves, they proved that £(2(©, + ©_))(-2Jac(C)[2]) has exactly dimension six.
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The advantages of the method described in this chapter are that the scheme models
that have been computed are defined over the field of definition of the curve, which is
not always the case for the models of Katsura and Kondo, they have simpler equations,
and also work for Jacobians of supersingular genus two curves. In section 4.5, we will
provide the changes of coordinates that connect these scheme models with Katsura and
Kondo’s.

The proof of this theorem will be constructive, as given a genus two curve in char-
acteristic two, we will compute the equation of its Jacobian, its corresponding Kummer
surface and models for its partial desingularisations.

4.4 Computing models of Jacobian and Kummer
surfaces

The equations of these surfaces will be computed through the following steps:

1. We will first compute a basis of £(2(O, + ©_)) for a general genus two curve.

2. Then, we will compute the relations between the elements of this basis to obtain
the quadratic relations that the elements of the basis satisfy.

3. Finally, we will argue how these can be used to study the corresponding Kummer
surfaces.

The software that have been used to perform these computations were Mathematica
[WR24] for computing the majority of equations and Magma [BCP97] to perform the
more geometric operations such as the blow-ups.

The code in Mathematica is classified in three notebooks: pPart 1, Part 2 and
Part 3 roughly computing the three steps described above. The Magma code is di-
vided in two notebooks, one named Functions.m implementing the scheme models of
the surfaces and another one named Examples.m with examples of use. All the relevant
code is available here.

4.4.1 Computing a basis of L(2(0, +O_))

The idea of finding explicit models of Kummer surfaces in characteristic two from spe-
cialisation from the characteristic zero goes back to the work of Miiller [Miil10] who, for
a general genus two curve given by the equation

3 ) 6 )
v+ (O gy =) fix',
=0 =0

computed a basis { k1, ko, k3, k4} of L(O, + ©_) in characteristic zero.


https://github.com/AlvaroGohe/Kummer-surfaces-and-Jacobians-of-genus-2-curves-in-characteristic-2
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From now on, we will assume to be working with genus two curves of the form

y* +g(x)y = f(z),

where deg(g) = 3 and deg(f) < 6, for reasons which will become apparent in the next
section.

From Miiller’s article, we know the equations for a basis { k1, ko, k3, ks } of L(©,+0_)
in characteristic zero for a general genus two curve which, when we reduce the coeffi-
cients modulo two, forms a basis {k1, k2, ks, ks } of £L(O, + ©_) for a general genus two
curve defined over a field of characteristic two (A.1.1). As these are linearly independent,
and the product of any two elements of £L(©, +O_) lies in £(2(©, +©_)), we can obtain
ten elements of the basis of £L(2(©, + ©_)), which in analogy of the characteristic zero
case, we will denote by Eij.

As ((2(0, +©_)) = 16, we still need to compute six more independent elements of
the basis, for which we will specialise from characteristic zero.

There is a small issue, which is that it is not known what the elements of these ba-
sis are for models of curves of the form 42 + g(x)y = f(x). However, for genus two
curves defined by equations of the form y2 = Y% f.2% we know equations for a basis
of £L(2(O, +©_)), and, more specifically, for a basis {01, ...,bs} that generates all odd
functions [FTvL12, section 3].

By considering the morphism (z,y) +~ (z,y + 2g(x)), any curve C of the form
y2 + g(x)y = f(z) can be mapped over k to a curve C of the form 42 = f(z) where
the polynomial f(z) = f(z) + 19(z)?. Through this change of coordinates, we can find
a basis {b1, ..., bs} for the odd functions of L(2(O, + ©_)) for models of curves of the

form y2 + g(x)y = f(x) in characteristic zero.

One would hope that the reduction of these b; modulo two would give us a basis of the
odd functions of the reduction modulo two of the curve. That is not the case. However,
we can easily construct a basis that reduces well modulo two via the following procedure
(which amounts to compute the Smith normal form associated with the basis):

1. We first multiply each element of the basis by the smallest power of two that will
allow us to clear all powers of two of the denominator.

2. Then, we can reduce the coeflicients of these elements modulo two to obtain a new
set of elements. As some of these elements are linearly dependent, we compute
all linear relations among these by computing the kernel of the matrix associated
with this basis over the reduced field. Lifting these linear relations to k, we obtain
new elements in the basis that reduce to zero when reducing modulo two.

3. Dividing by the appropriate powers of two, we obtain new elements in the basis
that reduce modulo two to elements that were not previously in the basis.

We can continue this process until we obtain a basis of odd functions whose reductions
are linearly independent and belong to £(2(0, + ©_)) (A.1.2).
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However, there is an additional problem that comes from working in characteristic
two, which is the fact that the reductions b; of the newly found b; are all linearly depen-
dent on the £;, that we have previously computed (A.1.3).

There is an intuitive reason for why this is the case, which is the following: the eigen-
values of the action of the involution ¢ on the elements in £(2(O, +©O_)) are all either 1
or —1, and the basis that we have chosen is the diagonalised basis with respect to these
basis. When we reduce the elements of this basis modulo two, we see that the action of
¢ in the elements of these basis is trivial, which we know that it cannot possibly be the
case, as we can construct elements in £(2(0, + ©_)) that are not invariant under this
action.

This does not imply that constructing these b; has been in vain. As a matter of fact,
these b;, allow us to describe partial desingularisations of Kummer surfaces in character-
istic two, which will be explored in the next section in detail. In addition to this, we can
also construct elements of the basis of £(2(0, + ©_)) using these b;. As the b; can be
expressed as a linear combination of elements of &;,., lifting these linear combinations
to characteristic zero gives rise to elements of £(2(0, + ©_)) that reduce to zero in
characteristic two, and therefore, must divide a power of two.

Following the Smith normal form procedure that has been previously described, we
can construct a basis {v1, . .., v} such that their reduction modulo two, T;, together with
the k;, generate the basis of £(2(©, + ©_)) that we are looking for. This process and
the resulting equations are computed in the notebook Part 1.

4.4.2 Computing the equations of the Jacobian

We now need to compute the equations defining the embedding of the Jacobian in pro-
jective space. That is, we need to find the 72 quadratic relations that exist among the

elements Of£(2(®+ + @_)) = {517 A ,EG,EH,ElQ, e k?44}.

Again, we will compute these from specialisation from the characteristic zero case,
from the elements {v1,...,vs, k11, ..., kas}. The key to this is to first compute the re-
lations in the basis that diagonalises the involution, {by,...,bs, k11, ..,kss}, as here
working with odd and even functions greatly simplifies the process. As described be-
fore, there are twenty relations of the form

kijkrs - kirkjs = 07

which are easy to compute. In order to compute the rest of the relations, we adapted a
strategy that Flynn [Fly90] originally used to compute these relations. Flynn observed
that it was possible to define two independent weight functions on z, y and the f; such
that the equation of C has homogeneous weight. As a consequence of this, all existing
relations between the elements of a basis must also have homogeneous weights.
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Because there is only a limited amount of monomials of a certain weight, this highly
restricts the possible monomials involved in a relation. We will extend this idea by defin-
ing two weight functions w; and w, on z, y, f; and g; by

15 Ol
2 1
6-i 3-j

wq
Wa

=l
w e

Table 4.2: Values of the weight functions for z, y, f; and g;.

From those weights, we can easily check that the weights of the elements of the basis
of £L(2(©, + ©O_)) are the following (note that the weight of the &, are the sum of the
weights of k; and £,):

kl kz kg k’4 Vi V2 V3 Vg Uy Vg
w, |0 0 0 271 1 1 2 3 5
wy | 0O 1 2 412 3 4 5 6 7

Table 4.3: Values of the weight functions for k; and b;.

We are looking for homogeneous relations between the elements of the basis. To
avoid instead searching relations between rational functions, we will multiply all the k;,
by (x1 — x2)? and all the v; by (1 — 22)4, so that all the functions are polynomials.

We know from the description of the relations that was described in the previous sec-
tions that there are 21 relations of the form b;b; = {a quadratic polynomial on the ki, }.
We start by computing the weights w; and w, corresponding to the product of b;b; and
we then compute all possible monomials on the variables f;, g; and k,, of that weight.
For example,

wi(b}) =2, ws(b) =4,
and the only monomials with those weights are

{Q%k%p 9092/5317 ka%la g192k11k12, gogski1 k2, faki1kia, ggku/ﬁs, 9193k11k13,
faki1kig, kiikia, ggknkzm 9193k 11ka2, faki1kao, gogskiikas, fski1kas,
g§k11k33, f6k11k337 9293k12k227 f5k’12k227 932,]{12]?2& f6k12k237 932,]{3%2’ f6k5§2}'

We therefore deduce that a Q-linear combination of these elements must be equal to b2.
In order to compute this (Q-linear combination, we could expand the expressions of the
k; in terms of x1, x9, ¥y, and y, and find what this linear combination would have to be.
This works for the products of by, b, and b3 as their weights are small and there are not
that many monomials with those weights.
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For instance, for b%, we find that the relation that we are looking for is:

b? - 4f2k%1 - 9%%1 —4fski1kia — 2g192k11k12 — 4 faki1kao — ggknkm
- 29193’4511/1522 - 4f5k12k22 —29293k12k2 — 4f6k§2 - 9?2,]?%2 + 29193/74711k13
+ 4f5k‘11]€23 +29293k11 k23 + 8f6k12k23 + 29§k12k23 - 4f6/€11k¢33 - g§k11k33 —4k11k14 = 0.

However, when we consider products involving by, b5 and bg this approach becomes
unfeasible, as there are many more possible monomials with those weights. For instance,
the number of monomials of the same weight as bg is 8374. Therefore, a more efficient
approach is needed to compute the Q-linear combination that exists between the ele-
ments of a basis.

The idea behind the algorithm that we have used to compute this is the following.
We are looking for a Q-linear relation among elements that are in £(2(0, + 6_)) so,
in particular, if we pick a random curve and two random points in that curve, and we
evaluate the values of the f;, the g;, the b; and the k;,, they should satisfy that (Q-linear
relation. If we only evaluate at one curve and two points, we will only get a vector in
(Q##monomials of that weight ¢ jt will satisfy many other linear relations. Nevertheless, by eval-
uating in many other curves and points, we can generate more vectors satisfying these
linear relations, and by generating enough vectors randomly, we can construct a matrix
for which the only elements in the kernel are the QQ-linear relations we are looking for.

An important question in this algorithm is how to generate random curves and ran-
dom points that will have small coefficients. The method that we have used consists
in choosing random small integer values for gy, ...,gs, fi1,..., fs, for instance, in the
interval [—4, 4]. Then, to generate two points (21,41 ) and (2, y2) in the curve

1=0 1=0

we pick two random values for x; and y;, and we pick x5 randomly and ¥ to be y; plus
either 1 or —1. Then, we set gy and f; to be

B+ (X5 9wy - X firh)yn = (U3 + (S5 i23)n — Lo fieh) e

fO )
Y1 - Y2
g = (3 + (Z?ﬂ gih) — Yo fixh) = (yi + (Z?:I GiT) Y1 — Yo fix})
O - .
Y1~ Y2

By definition, gq and fj are integers (as |y; —y2| = 1 by the choice of ), so we can success-
fully force (x1,y1) and (2, y2) to be in the curve and, therefore, generate random curves
and random points defined over the integers and with relatively small coefficients. If we
generate enough of these (usually 10% more than the length of the vector suffices) and
we compute the kernel of the matrix that we form with them, we obtain all the relations
of the form b;b; = {a quadratic polynomial on the &, }.
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By considering the monomials that have degree w; = 4 and degree w, = 10, we can
also recover the relation defining the Kummer. So far, we have computed 42 out of the
72 relations defining the equations of the Jacobian in P'°. The only ones that are left are
the 30 relations only involving monomials of the form k;;b, for 1 <¢,7 <4and 1 < s <6.
In order to find these, what we can do is to find the eight relations that exist between the
elements of the form k;b,, multiply each of these relations by kq, k2, k3 and k4 to obtain
32 new relations, and then, remove the two that are a linearly combination of the rest.

With this, we obtain a set of 72 equations determining a model of the Jacobian that
is valid in any characteristic different from two. The only step that we need to take
to find the relations in characteristic two, is to express these relations in terms of the
{v1,...,v6} rather than in terms of {by,...,bs} and take the appropriate linear combi-
nations of these equations, so that when we reduce them modulo two, the equations
of the reduction define the equations of the Jacobian. This is done through the Smith
normal form-like procedure that we previously explained. These computations can be
found in the notebook Part 2, and the equations are in the text file 72 equations
of the Jacobian.txt. This embedding can also be accessed in Magma through the
function GeneralJacobianSurface in Functions.m, as well as many other func-
tions that connect this projective model with the machinery already implemented in
Magma to work with Jacobians.

4.4.3 Computing equations of Kummer surfaces and their
desingularisations in characteristic two

The k; that we have defined generate an embedding of the Kummer surface X into P3
given by the vanishing of a quartic polynomial. When we reduce this polynomial modulo
two, this matches the variety found by Duquesne [Duq10], which precisely have the
right singularities described by Katsura [Kat78]: four D} singularities in the ordinary
case, two Dg singularities in the almost ordinary case, and one @})71 singularity in the
supersingular case. As described in section 4.2, the rational map

Jac(C) — —» P
D+ [bi(D):---:bg(D)]

induces a closed embedding of a Kummer surface Y inside IP° as the complete intersec-
tion of three quadrics and there is a degree four birational map from X to Y which is
defined outside of the singular locus of X. The scheme Y can be accessed in Magma via
the function DesingularisedKummer.

Now, consider the reduction of the functions b; in the reduced curve C, which we
will denote by b;. While these are still linearly independent by construction, the first
big difference with respect to the characteristic zero case is that, while in characteris-
tic zero the b; did not belong to Sym?£(O, + ©_), the space of quadratic functions in
{ky, ky, k3, ky}, all the b; can be expressed as quadratic functions in the {k1, ko, ks, k4}.
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The rational map

Jac(C) — —» P
D+ [bi(D) : - bs(D)]

defines an embedding of a Kummer surface Y inside P° as the complete intersection of
three quadrics (A.1.5), but unlike in characteristic zero, this surface Y is not smooth.
However, this map is still of interest, as all the b; are simultaneously zero precisely at
the points corresponding to Jac(C)[2], and thus the indeterminacy locus of the map

X —-=Y
[El;...;E4]._>[El;...;[_)6]

coincides with the singular locus of X. The inverse of this map, which we will denote
by ¢ is a blow-up of the singular locus, which will be analysed in section 4.5.

We have computed explicit equations (A.1.6) defining this map, coming from the
fact that the function (2y; + g(21))(2y2 + g(x2))k; can be expressed as a polynomial
in {51, 52, 1_73,1_74}. The fact that this map involves only the first four b; implies that the
projection map from P° to P3 consisting of taking the first four coordinates descends
into a rational map

Y —>WcP?
By : e i D] s [By oo ]

where TV is a quartic surface in P2 which, by similarity with the characteristic zero case,
we will call the Weddle surface (A.1.7). We will analyse its features according to the
p-rank of the curve in the section 4.6.

4.5 Partial desingularisations of Kummer surfaces in
characteristic two

In order to describe what the partial desingularisations look like, it will be convenient
to analyse separately the cases according to the p-rank. The following proposition will
be useful:

| Proposition 4.5.1. Let C be a genus two curve of the form y% + g(z)y = f(x) with
deg(g) = 3. Then, Jac(C)(C') is ordinary, almost ordinary or supersingular, according to
whether g(x) has three, two or one distinct roots.

Proof.  As in the characteristic zero case, it is easy to see that any non-zero 2-torsion
point is of the form D;; = (w;) + (w;) — K¢ where {w;,w;} is an unordered pair of
Weierstrass points of C. Every non-trivial Weierstrass point of C is preserved by the
hyperelliptic involution, and so, in characteristic two, as ¢ sends (x,y) to (x,y + g(z)),
we deduce that (x,y) is a Weierstrass if and only if z is a root of g(x).
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Therefore, over the splitting field of g, there are (;’) = 3 non-trivial 2-torsion points

if and only if g has three distinct roots, (;) = 1 non-trivial 2-torsion points if and only if
¢ has two distinct roots and no non-trivial 2-torsion points if g only has one root. [

For models of genus two curves with deg(g) < 3, similar results can be found. How-
ever, given a genus two curve over a field of characteristic two described by the model
y? + g(x)y = f(z), we can find an isomorphism to a model of the same form with
deg(g) = 3 defined over the field of definition, by considering a morphism that maps
the Weierstrass point of infinity to another point of the curve, and does not map any
of the Weierstrass points to infinity!. We implemented this in Magma as the function
GenusTwoModel.

We now describe the geometry. All equations for the curves and surfaces discussed
here were computed in the Mathematica notebook Part 3 and are available in Magma
via the function Lines. These equations can be used to verify the accuracy of the fol-
lowing sections, as demonstrated in Examples.m.

4.5.1 The geometry of the ordinary case

Let C be an ordinary genus two curve of the form
, 3 6
y?+ (D giw)y = fiwi,
=0 =0

so that the Weierstrass points have coordinates («;, 3;), where 1 < ¢ < 3 and f; is

\/Z?ZO fjof. Note that, by Proposition 4.5.1, these «; correspond to the three distinct

roots of g. As in the characteristic zero case, the 2-torsion points of Jac(C) are of the
form D;; = (w;) + (w;) — K¢ where {w;,w;} are Weierstrass points whose coordinates
are (o, ;) and (ay, B;), and each of these corresponds to a singular point P,; of the
Kummer surface X associated to C.

Similarly to the characteristic zero case, these singular points are defined over the
field k(o + o, ;). In fact, the equations of these points in our model are given by

Ji+ouofs+ a?a?fs]

PO:[():():O;:[], Pl.j:[lzai+ozj:oziozj: ot
? J

In characteristic two, it still makes sense to talk about tropes in X: we can define
T; to be the image of C x {w;} under the composition of the maps C(?) » Jac(C) and
Jac(C) - X. Then, T; is a conic in X, which goes through the points Py, P;; and P
where the indices {4, j, k} are all distinct.

There is actually an exception to this, which is the case when the field of definition is F5 and the
curve is ordinary, as in this case there may not be enough elements in [ to find this morphism over the

field of definition.
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Note that this trope could also be defined in an alternative way by considering the
unique plane going through Py, P;; and F;;, (wWhenever the roots of g are distinct, these
points are not collinear), which intersects X in the conic 7; with multiplicity two. This
way, we can define a fourth trope, which we will denote by 7753, as the conic in X going
through the singular points Pj5, Pi3 and Pss.

In the same way as in the characteristic zero case, the action in the Jacobian induced
by the translation by a 2-torsion point [);; descends to a linear action 7;; on the Kummer
surface, which permutes the tropes according to the rules:

Tij(Tz‘) =Tj, Tz‘j(TIZS):Tky

where {i, j, k} are all distinct indices. In our model, the tropes are defined by the inter-
section of X with the following planes:

T = a%kl +Oé1k’2 + kg = O,
o = Oé%kl + OéQk’Q + ]fg = O,
T3 = Oégk’l + O[3k‘2 + k’g = O,

Mo = (f1+ f3 + f5) g3k + 9o (f501 + frgs + f393)ka + (f597 + f39195 + f193) ks + g2(g1 + g3 )k = 0.

The number of tropes and singular points defined over the ground field also depends
on how the polynomial g(x) decomposes into irreducible factors.

Partition | # tropes of type T; | # tropes of type T};;, | # singular points
{1,1,1} 3 1 4
{1,2} 1 1 2
{3} 0 1 1

Table 4.4: Number of tropes and singular points defined over the base field in charac-
teristic two.

There is another possible description of these tropes from specialisation from the
characteristic zero case. Consider a curve C defined over a discrete valuation ring whose
fraction field K is complete and with a perfect residue field of characteristic two, such
that all the 2-torsion is defined over K and such that C has good ordinary reduction.

It is easy to check that the Weierstrass points of C are a closed subvariety of C whose
x-coordinates are the roots of the polynomial 4 f (x) + g(z)2. From this, we can see that
these reduce 2-to-1 to the Weierstrass points of C whose 2-coordinates are roots of g(z).
Moving on to the Jacobian, this phenomenon shows as a reduction 4-to-1 of the 2-torsion
points, as closed points have to reduce to closed points.
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In the Kummer, this shows as well as a reduction 4-to-1 of the singular points, which
can be seen from the fact that, in the explicit models of the Kummer that we have com-
puted, the singular locus of X reduces to the singular locus of the Kummer surface of
the reduced curve.

But also, it manifests in the surface as a reduction 4-to-1 of the tropes in a natural
way: the reduction of each trope is the corresponding trope that goes through all the
reductions of the singular points.

Now consider the blow-up ¢ that was described in the previous section. The excep-
tional divisors associated to the resolution of a D} singularity form a tree configura-
tion. For each of the four D} singularities, the partial desingularisation map blows up
the central exceptional curve of each of the four D} singularities; therefore, the partial
desingularisation has twelve A; singularities.

O O O
O O O
O O O
O O O

Figure 4.1: Partial desingularisation of the Kummer surface in the ordinary case.

From the explicit equations that we have computed, it is easy to check that the image
of each of the conics corresponding to the tropes of X is a line of Y.

Then, these twelve singularities are nodes that lie in the intersection points of the
four exceptional divisors associated with the singularities of the Kummer surface, and
the image of the four tropes.

We can observe that all tropes and exceptional lines of Y lie in the hyperplane sec-
tion of Y:

(a303ﬁ1 + 04201;2351 + O£§OL352 + 0101352 + Oé%azﬁs + Oéﬂ%ﬁs)& + (04351 + Oé.%ﬁl + Oé%ﬁ2 + a§ﬁ2 + Oé%ﬁ?) + a%ﬁ3)52

+(afy + 3Py + a1 Py + 3Py + a1 By + B3 )bs + (o + ) (g + i) (v + vs) by = 0.
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As described by Katsura and Kondo, if we denote by { Eo, F1a, F13, a3} the excep-
tional divisors corresponding to the singular points of X and by {Tl, TQ, T 3, T 123} the
images of the tropes in Y, then these divisors intersect according to the following con-
figuration:

EO E12 EIS E23

T1 -

T3 —

Figure 4.2: Intersections of the tropes and exceptional divisors in the ordinary case.

From this reasoning, we can deduce that the minimal resolution of the Kummer sur-
face contains twenty (-2)-curves, which are the proper transforms of the eight lines
described above and the twelve exceptional curves that we obtain from blowing-up the
singular points. These curves meet according to the following dual graph:

~

. E
sy O30
EO ~ TZQ/O/\
J N N (

O

O gl O

137 O T123/
L) O 127

Figure 4.3: Dual graph of the resolution of the singular points and the tropes in the
ordinary case.

Katsura and Kondo showed that a general Kummer surface in P} , _ ; can be described
by the equation

(a1 + az)?(csz®y? + ds2t?) + (a1 + a3)?(cox?2? + doy*t?) (4.5.1)

+(ag + a3)2(clx2t2 + d1y222) + (a1 +ag)(as +az)(as + ay)xyzt = 0.

In this model, the planes defining the tropes of the Kummer are given by the equa-
tionsx=0,y=0,z=0and = 0.
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The linear projective map 7 defined by
?/)([El ZEQ ZEg !E4]) = [7'('1 LT P Ty - 7T123]

is an isomorphism between X and the variety defined in equation (4.5.1) with the pa-
rameters given in A.1.8. Katsura and Kondo defined a Cremona transformation ¢ in their
model of the Kummer, by setting

O(r:y:z:t]) = [\/dldgdg yzt :\/crcads x2t N/ crdacs xyt :\/dicacs xyz]

and this induces a Cremona transformation in our model by considering the composition
of maps ¢)~! o ¢ o 1). Similarly, they described the linear actions 7;; induced by the ad-
dition by a 2-torsion on Jac(C), and we can use these to find the equations for our model.

They also described the partial desingularisation of the equation (4.5.1), as a complete
intersection described by the equations:

3 3 3
Y XY =Y aX;Y+ o XP+d;Y? =) aiX;Y; =0,

i=1 1=1 1=1

We can also connect this model of partial desingularisation to Y through the change
of variables given in A.1.9. Once again, Katsura and Kondo described three automor-
phisms ¢1, t9, t3 in the model they developed corresponding to the generators of the
group (Z/27)? and through the change of coordinates, these correspond to the linear
actions in Y corresponding to the translation by a 2-torsion point, and the Cremona
transformation which interchanges tropes with exceptional divisors.

4.5.2 The geometry of the almost ordinary case

In this case, by Proposition 4.5.1, g(z) has two distinct roots over the splitting field of
g, one with multiplicity one which we will denote by 4, and one with multiplicity two,
which we will denote by 5. It may not be obvious from the start how the asymmetry
between these two roots affects the geometry of the surfaces, but it will become appar-
ent later.

In this case, the only non-trivial 2-torsion point of Jac(C) corresponds to the divisor
D15 = (wq)+(wq) - K¢ where w; and wy are the Weierstrass points (a4, 41) and (s, f2).
This point corresponds to a singular point P;, of the Kummer surface X associated to
C, which, in addition to the point associated to the identity in the group law Py, are
the two D? singularities of X. Assuming that we are working over a perfect field, these
points are always defined over £, the ground field of C, as

g(x) = gs(x — o) (z - O42)2 = 93$3 + 93041$2 + 9304§$ + 93041043-
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Therefore,

_92 /5
= —, g = —.

g3 g3

As before, we can define T to be the image of C x {w;} under the composition of the
maps C®) - Jac(C) and Jac(C) - X. Then, T and T, are conics in X defined over £,
which go through the points Py and Pj;. An easy way of computing the equations for
these is from specialisation from the ordinary case by considering a general equation of
an ordinary curve of the form

Y+ gs(w - on) (2 - a2)(w - as) = f(x),

and setting a3 to be equal to as. Then,

Po and P»3 both specialise to FPp.
Py5 and P35 both specialise to Pjs.
« T and Ti,3 both specialise to 77.
T, and T5 both specialise to 75.

Through this description, we see that 77 and 7, meet Py and Py, with different mul-
tiplicity as, for instance in the case of 77, what happens is that 77 and 7,3 both go
through P; and P;3, which reduce to P9, and through another point which reduces
to Pp. Therefore, T} goes through Pj5 with a greater multiplicity than Pp. Through a
similar reasoning we can see that 75 goes through Py with a greater multiplicity than
Py, and this plays a role on the singularities that we obtain when we blow up X.

We can see that there is a specialisation 2-to-1 with respect of the ordinary case, or, if
instead we wanted to study this almost ordinary case as a reduction from characteristic
zero, it would be a reduction 8-to-1 of both tropes and singular points. Now, consider the
blow-up that was described in 4.4.3. The exceptional divisors associated with the resolu-
tion of a D? singularity form a tree configuration and the partial desingularisation map
blows up one of the central exceptional curves of each of the two D? singularities. As a
consequence, each D? gets blown-up into a DY and an Aj singularity.

Oo—0—=—0

ey

Figure 4.4: Partial desingularisation of the Kummer surface in the almost ordinary case.
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If we denote by {Ep, E12} the exceptional divisors corresponding to the singular
points of X and by {Tl, Tg} the tropes, then, Fp and E5 intersect both Tl and T 2
and the four points of intersection correspond to the four singular points of Y, where
the DY singularities correspond to the intersection of the tropes with the singular points
with the greatest multiplicities in X (Fp n Tg and F5 N T 1) and the Aj singularities
correspond to the other two (Fp N Tl and Eo N Tg)

Eo Eqp

Figure 4.5: Intersections of the tropes and exceptional divisors in the almost ordinary
case.

Furthermore, we can deduce that the minimal resolution of the Kummer surface con-
tains eighteen (-2)-curves which are the proper transforms of the four lines described
above, and fourteen coming from the desingularisation of the A3 and DY singularities.
The intersection graph of these curves is given by the following diagram:

~

EO T2

~

T, Eq

Figure 4.6: Dual graph of the resolution of the singular points and the tropes in the
almost ordinary case.

A justification for why the curves intersect in this way will be provided in the next
section.
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As in the ordinary case, Katsura and Kondo proved that every Kummer surface as-
sociated to an almost ordinary abelian surface admits a model as a quartic in P _; of
the form:

b2C13}4 + b2d1y4 + b%d124 + biclt‘l
+ b3d2 + b202 + ((11 + CLQ) C3 + (CLl + CLQ) bgbg) $2y2
) 2 2

2t2

+ ( dg + b103 + (CLl + CLQ) Co + (a1 + ag) blbg T
+ (b2d3 + b403 + (a1 + ag) d2 + (CL1 + CLQ) be4

)y
+(b3dy + b3ca + (a1 + ag)® dy + (a1 + az) biby) 2%t
?)=0

+ (a1 + as)? (bgsc Yz + boxy®t + byt + byt

One can also relate our model to theirs through a change of coordinates, as in the
ordinary case. This change of coordinates is quite lengthy and it is described in the note-
book Part 3. We did not need this to describe the automorphisms in our model for the
Kummer surface, as we can specialise from the ordinary model into the almost ordinary
model simply by setting a3 = a5 and 35 = .

Through a change of coordinates, one can use this to find the equations for the auto-
morphisms in Katsura and Kondo’s model of an almost ordinary quartic Kummer surface,
for instance, the Cremona transformation which they were not able to compute. This
transformation can be described by the transformation

o([wiyez:t])=[a g '+t

where

"= Vi (Voay +/biz),
"= Vey( w+\/_t)
"= ez(Vb b4t)
t:\/d_t( y+\/_z).

Specialising the partially desingularised model that we computed of Y, we can also
connect this with the model in P> of Katsura and Kondo.

4.5.3 The geometry of the supersingular case

In the supersingular case, g(z) has only one root over the splitting field of g, which we
will denote by a4, and it does not have any non-trivial 2-torsion points. The point in the
Kummer surface corresponding to the identity in the abelian surface is an elliptic singu-
lar point of type @})71 which in our model X corresponds to the coordinates [0:0:0: 1].
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Even though there are no 2-torsion points, there is still a Weierstrass point w;, cor-
responding to the point (a1, 1) and, as before, we can define a trope T} to be the image
of C x {w;} under the composition of the maps C(*) - Jac(C) and Jac(C) - X. This
can be found to be a specialisation 2-to-1 with respect to the almost ordinary case by
making o, tend to a4, or, alternatively, as a reduction 16-to-1 of the tropes and singular
points.

Now consider the blow-up that was described in section 4.4.3. In the supersingular
case, the singular point @%71 is a contraction of five lines in a tree configuration in
which the central (-2)-curve has multiplicity two and the other four curves are three
(-2)-curves and one (-3)-curve. Then, the desingularisation map corresponds to the
following transformation [Sch09, Theorem 6.3]:

Figure 4.7: Blow-up relating the singularities @1071 and A, o+ Ao+ As o+ Ao+ As o

If we denote by E the exceptional divisor corresponding to the singular point of X
and by T the trope, then the singularity lies precisely in the intersection of both lines.
As in the previous cases, there is a Cremona transformation in Y exchanging Fo and
T, and both this and the corresponding transformation in X can be easily described in
our model.

In the supersingular case, the desingularisation scheme model that was found by
Katsura and Kondo has the following form:

(bcy +b2es) ' + (b3dy + b2es) y* + (bdy + bids) 2* + (bley + b3ds) ¢!
+bs5 (bybs + byby) ot + by (baby + bsbs) 23t + by (bybg + babg) 2y + bg (baobg + bsbg) y°2
+b3 (baby + bsbs) 23y + by (bybs + byby) 2t + bg (bybg + babg) y2> + by (bybg + bybg) 23t
+ (bdes + bids) 22y? + (bics + bidy + bicy + b2d1 ) 2222 + (blcy + b2dy ) 22t
+ (b3ds + b3ca) y?22 + (b3ds + bics + b2dy + bicr ) y*t2 + (bids + bico ) 222
+b7 (babg + bsbg) w2y + bz (bybs + byby) w22t + by (baby + bsbs ) 2yt + by (b1 bg + bybg) y° 2t
+b1 (babg + bsbg) wyz? + bg (bybs + baby) w22t + by (boby + babs) xyt® + bs (bybs + bybg) y2t* = 0.

Our model is slightly simpler, as it can be described by specialising from the almost
ordinary case by substituting in the equation s by «; and 5 by ;. For the other
two cases, it was relatively easy to relate our model to Katsura and Kondo’s, as sending
the tropes to the tropes and the singular points to the singular points provided enough
information to almost match both sets of equations.
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However, for the supersingular case, as there are only one singular point and one
trope, we could not find a change of variables which matched our model with Katsura
and Kondo’s.

4.6 Weddle surfaces and blow-ups of the exceptional
lines

Since they were first studied, one of the key features of quartic Kummer surfaces was the
fact that, over algebraically closed fields, they were isomorphic to their projective dual.
As a result, projecting away from a singular point gives rise to birationally equivalent
quartic surfaces known as Weddle surfaces.

In characteristic zero, the construction of these surfaces is the following. As de-
scribed in section 4.4, given a model of a Kummer surface in P? as a quartic surface with
sixteen nodes, we can construct a blow-up as the intersection in P> of three quadrics. As
this blow-up is a birational map, we can construct an inverse map, which is well-defined
outside of the singular locus of X. Furthermore, as this map only depends on the four
first coordinates by, by, b3, by, the projection map of the first four coordinates P5 -> IP3,
defines a map from Y into IP3, such that the closure of its image is given by a quartic
surface W c IP3 known as the Weddle surface.

After noticing that this map is well-defined outside of b; = by = bs = by = 0, which
is precisely the exceptional line £ associated to the identity in the Jacobian, one can
check that the Weddle surface geometrically corresponds to the map 7o that consists of
projecting Y away from F.

In any characteristic different from two, this transformation contracts the tropes T,
Ty, T, T4, T's and T, which are the ones meeting Fo, into singular points of W of type
Ay, which we will denote by ();. The expression in coordinates for these points in our
model are given by

Q=[1wwz: 420

From this description we deduce that, as the coordinates of the (); depend exclusively
of the Weierstrass points, one can use these points to recover our initial curve C from
the equation of the Weddle.

The images of the other exceptional lines £;; and tropes Tijk are also lines in the
Weddle surface, and they have a very nice geometric description [M0028].
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All the singular points (); are in general position meaning that no four of them lie
in the same plane?, and if we consider the plane going through three of these singular
points, say ();, ; and @), then the intersection of this plane with the Weddle surface
always consists of the union of 7o ( Ey;), 7o (Ei;), mo(Ei; ), and 7o (Tijr).

Furthermore, there is a very special rational curve which we will denote by C' going
through all the singular points, which is a twisted cubic defined by the equations:

b% - blb3 = —2b2b4 + blbggo + bggl + bgb3gg + b§g3 = —2b164 + b%go + blbggl + b1b3g2 + bgbggg =0.

We now consider the blow-up of the line Ey in Y, which is closely related to the
Weddle surface. As Y is smooth and E is a smooth subvariety of it, the blow-up is iso-
morphic to Y, so no new information is gained from this in characteristic zero. However,
understanding the blow-up process will help us understand the blow-up of the excep-
tional lines in the specialisation in characteristic two.

The blow-up scheme of Ep, Blg, (Y') is the Zariski closure of the image of the graph
morphism

I'mp: Y — > Y xP3
[bllb21b31b43b53b6]'—>[b15621b31b41b53b6]X[bllbzibglb4].

Let o : Blg,(Y) - Y be the blow-up map. We can easily see that Blg,(Y) ¢ Y x W,
and we can therefore describe the subvarieties of Blg,, (Y") as the restriction to Blg, (V)
of subvarieties of Y x W. Then, we can see what happens to the pullbacks of all the
exceptional lines and tropes of Y under (p:

05 (Eo) = Eo x C, 0o (Eij) = Eiy x mo(Ey;),
0o (T;) =T; x Qy, 06 (Tijr) = Tijr. x To(Tijn)-

While the map o that we just described is special, in the sense that it is always
defined over the field of definition of the curve and does not depend on the curve, it is
important to bear in mind that projecting away from any of the 32 lines of Y (the sixteen
tropes or the sixteen exceptional lines) would also give us a map from Y into a quartic
surface in P2 with the same singularities. Any of these maps can be described as 7o 7,
where 7 is any automorphism of Y exchanging the trope that we are projecting and Ej.

We will now see what happens when the field of definition has characteristic two,
and describe the resulting singularities of the Weddle surface and what we obtain when
we blow up the exceptional lines.

2This can easily be seen from the description in coordinates of the singular points, as the matrix of
the coordinates of any four points can be changed by a linear change of coordinates to a Vandermonde
matrix, and therefore its determinant is never zero as all the w; are different.
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It is worth mentioning that, in a recent article, Dolgachev [Dol23] generalised the
notion of Weddle surface for fields of characteristic two by defining them as the locus
of singular points in the web of quadrics going through a set of six points of the form
(Q;. The notion of Weddle surface we will refer to in the next subsections is different and
corresponds to the specialisation of a Weddle surface in characteristic zero to character-

istic two, that is, the surface obtained when we project away from the exceptional line
EO inY.

4.6.1 The ordinary case

The Weddle surface associated to an ordinary genus two curve has three A3 singularities
and four A, singularities. Projecting away from E does two things. Firstly, it blows
up the singular points that are in the intersection of the tropes T1, T, T with Eo into
three lines Ly, Ly and L3 and, secondly, it contracts these tropes.

As each of the tropes contains two singular points, these tropes are contracted to As
singularities. If we denote these singularities by @), it is easy to check that the coordi-
nates of these (); in our model are given by

Qi=[l:a;:a?:p].

In addition to these three singular points, there are also four additional singular points
of type A;. One of them, which we will denote (), has coordinates Qo =[0:0:0: 1]
and corresponds to the contraction of £y under 7o. The other three correspond to the
images under the projection map 7o of the three singularities of Y that lie in T193, that
is, they are in 7o (E;; N T123). We will denote these by );;.

Similarly to the characteristic zero case, we can recover both the coordinates of the
Weierstrass points and the curve we started with, from the singular points.

Another curious fact is that all singular points of the Weddle surface except for ()o
lie in the same plane, which is given by the equation

(()[2&3((12 + 03)61 + (11&3((11 + ()[3)52 + 06203(&2 + 0[3)51)51 + ((CMQ + 0[3)2[31 + (Oél + CM3)252 + ((,Yl + a2)2/33)52

+(((¥2 + Oég)ﬁl + (O[l + Oég)ﬁg + (O[l + @2)55)65 + (a1 + O[Q)(Ch + 063)(042 + 0(3)54 =0.
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The intersection of this plane with the surface is the union of four lines correspond-
ing to mo(T123), To(F12), mo(F13) and mo(Fs3) and is represented in the following
diagram:

7o (Ess3)

7o (Eh3)

Figure 4.8: Intersection of lines inside the Weddle surface in the ordinary case.

Now, consider the blow-up of the curve Eo, po : Blg,(Y) — Y, which is defined in
the exact same way as for fields of characteristic different from two. Then, the pullbacks
of the exceptional lines and tropes of Y are given by

06(Eo) = Eo x Qo, o (Eij) = Eij x mo(Eij),
0o (T;) =T; x Q;, 05 (Th23) = Thaz x mo(T123)-

Furthermore, as we are blowing up Eo, which contained three singular points of type
A; corresponding to the intersection of £y with T4, T and T's, these singularities are
resolved, and we have that if we let L; to be the line in W going through Qo and @),

o (EonT;) = (EonT;) x L.

None of the other singular points are resolved and we have that their preimages under
the blow-up are

0o (B nT;) = (EiynTi) x Q;,
0o (BijnTha3) = (Eij 0 Tha3) x Q.

Therefore, Blg, (Y) has nine A, singularities. One can also understand Blg, (Y') as a
blow-up of the Weddle surface that resolves ()p and blows up the central exceptional
curve of each of the A3 singularities that we denoted Q);.
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This is a diagram illustrating the blow-up process:

Figure 4.9: Blow-ups of the Kummer surface in the ordinary case.

A similar reasoning would apply if we blew up any of the other exceptional lines
FE;;, which would result in resolving the three singular points contained in the line. The
fact that this is the case can be used to construct an explicit model for the resolution of Y.

| Proposition 4.6.1. LetT;; = (Miij),ugii),u:(,fj),uyj)) be the ideal generated by four
linear polynomials on the variables {b1, ..., bs} such that E;; = V(Z;;) inY . Let w;; be the

morphism

i Y ——>P3
[l_)l ZZ_)Q 11_73 I[_)4 155 :EG] — [#glj) Iuélj) : 'u:(;]) Mle])]

Then, the Zariski closure of the image of the graph morphism ', corresponds to the
blow-up scheme Blg,(Y') along the subvariety E;;, which blows up the three singular
points in E;;. Furthermore, let Z = Eo U Ei5 U Ey3 U Eays and consider the birational
map ¢ : Y -> (P3)4, which acts in each copy of P? as mo, T2, 13 and T3 respectively.
Then, the Zariski closure of the image of the graph morphism I'y is the blow-up scheme
Blz(Y") and this is a resolution of the twelve A; singularities of Y.

Proof.  As described in Subsection 4.5.1, the group (Z/27)3 acts linearly on Y. In par-
ticular, for every Ej;, there is a linear action 7;; on Y of order two interchanging Eo
and ;. As the image with respect of 7;; of the ideal <l_)1’l_)2, 53, 54) is Z;;, we deduce that
7ij induces a linear isomorphism between Blo(7;;(Y")) and Blg,;(Y"), showing that the
construction of Iz, . corresponds to a blow-up of the exceptional line ;.
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As for the second half of the statement, ¢ is a birational map that has a well-defined
inverse away from Z. As the four exceptional lines are disjoint, in the open Y\ (Z\ E;;),
we have that the following diagram is commutative

Y\(Z\Eij)

(P3)* o > P

and the projection map pr is an isomorphism between im(¢) and im(7;;). As a conse-
quence, we deduce that I'y(Y N (Z\ Ey;)) 2 I'x, (Y N (Z \ Ey;)) and that in an open set
not containing Z \ Ej;, F(;l is a blow-up of each of the F;;. As these lines are all disjoint,
we deduce that F(;l blows up the union of all of the lines, and as all twelve singularities
of Y lie in Z, and we have seen that the blow-up of each line resolves three of them, we
deduce that Blz(Y") resolves the twelve A; singularities. O

We can draw connections between the geometry in characteristic zero and two. Sup-
pose Y is defined over a discrete valuation ring with a complete fraction field K and a
perfect residue field of characteristic two k, such that all the 2-torsion is defined over K
and such that C has good ordinary reduction.

Without any loss of generality, we assume that the roots {w1, w4} of f(z) + 1g(z)?
reduce to oy, {ws,ws} reduce to ay and {ws,ws} reduce to az. Letting Y and Eo de-
note the reduction of Y and Fy over the residue field, we can work out from our explicit

model that the reduction of the scheme Blg,, (Y") gives us the scheme defining Bl _ (V).

Now, as we have explained before, the 2-torsion points of an ordinary abelian surface
reduce 4-to-1 modulo two, so there are three other exceptional lines F14, F'o5 and Esg in
Y that reduce to E/p. Moreover, in the Weddle surface W associated to Y,

« The twisted cubic Fy specialises to Qp. L

« The six singular points @; specialise to the three D} singularities Q; (mod 3) of WW.

« If i and j are not the same modulo 3, 7o (E;;) specialises to Wo(Eij (mod 3)) and,
otherwise, 7o (Ej(;+3)) specialises to L;.

« If i, j and k are all different modulo 3, 7o (T';;1.) specialises to 7o (T'13).

« Otherwise, {mo (j“mg,)7 TO (AT136)} specialise to @)1, {Wo(T124),7To(T145)} specialise
to Q2 and {mo(T134), m0(T146) } specialise to Q3.

Combining this description of how the Weddle surface specialises in the residue field
with the previous description of the blow-up of E in characteristic two, we deduce that
in Blg, (Y'), the pull-backs ¢, (E14), v}, (Eas) and ¢F, (Esg) specialise to the exceptional
lines corresponding to the singular points which get blown-up in Blg_ (Y).
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Therefore, in the Picard group of the desingularisation of the Kummer surface over
K, inside the lattice ®15 A; formed by the sixteen exceptional lines, there is a sublattice
formed by four lines EszlAl that over the residue field £ specialises to the sublattice D,.

Furthermore, the previous description suggests that there is a configuration of four
exceptional lines in Y reducing to Eo, E19, E13 and Eo3, such that the blow- up of the
union of these lines in Y specialises to the smooth model described in Proposition 4.6.1.

There are important constraints on what this configuration of lines has to be. As
there is an action of (Z/2Z)% in Y that must specialise to an action of (Z/2Z)2 in Y,
this forces our configuration of lines to be the orbit of Ey under a subgroup of (Z/27)*
isomorphic to (Z/27)?. Equivalently, the corresponding 2-torsion points must form a
subgroup of Jac(C)[2](K). But also, if the exceptional lines are not all defined over K,
which happens if the polynomial f(z) + ;g(x)? does not fully split over K, the action
of Gal(K/K) on Y has to somehow be compatible with the action of Gal(K/K) onY.

These observations suggest that studying the reduction of a Kummer surface at two
over K relies on analysing the action of Gal(K/K') on the 2-torsion of its associate
abelian surface, and indeed we will see that this is the case in section 4.7.

4.6.2 The almost ordinary case

Moving on to the Kummer surface associated to an almost ordinary abelian surface over
a field of characteristic two, we can check that the associated Weddle surface has one
As, one A7 and one D? smgularlty In this case, projecting away from Fy contracts the
tropes that meet Ep, which are T1 and Tg, into two singularities (1 and Q)5 of types A,
and Dj respectively, whose coordinates are given by

Qi=[1:0;:02: 5]

From a computation of the Tjurina number of ()2, we deduce that this singular point has
to be of type DY. The remaining singularity Qo = [0:0:0: 1], is of type A3 asitis a
contraction of Fp and two other lines. Similarly to the ordinary case, all the singularities
lie in the same plane, which in this case is given by the equation

0510421_)1 + (Oél + 062)1_92 +Z_?3 =0.

The intersections of this plane with the Weddle surface are three lines intersecting the
three singular points.
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The line that has multiplicity two also happens to be the image under the projection
from Y to the Weddle surface of the line E15:

Ly

@ @ mo(Frs)

Ly

Figure 4.10: Intersections of lines inside the Weddle surface in the almost ordinary case.

Consider now the blow-up of the curve Ep, ¢o : Blg, (Y') - Y. Then, the pullbacks
of the exceptional lines and tropes of Y are given by

SO*O(EO) = Fo x Qo, 90?)(E12) = E9 XWO(EU),
0o(T1) =T1 x Q, 05(T2) = Ta % Qs.

Since we are blowing-up Eo, which contained a singular point of type Aj corre-
sponding to the intersection of £y with 7’1, one of the exceptional curves gets blown-up,
so that

vo (BonTy) =(EonTy) x Ly,

and the Aj singularity becomes an A, singularity in the point (Epn Tl) x Qo. Likewise,
the singular point of type D} corresponding to the intersection of Ep with T's gets blown
up into the line

o (EonTy) = (EonTs) x Ly,

and the D} singularity becomes an A3 singularity in the point (Ep n T1) x Q5. None
of the other singular points are resolved and we have that their preimages under the
blow-up are

0o (B r‘Tl) = (Epn Tl) x Q1,
QO&I(EH n TQ) = (E12 n TQ) X Qg.

Therefore, Blg, (V') has one Ay, two A3 and one D} singularity. One can also understand
Blg, (Y') as a blow-up of the Weddle surface that blows up one of the curves in the tail
of the A3 singularity ()o, the central curve of the A; singularity ) (so it splits into two
Aj3) and the exceptional curve in the tail of the D? singularity ()> (so it becomes a D}).
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The blow-up process is described by the following diagram:

As

Figure 4.11: Blow-ups of the Kummer surface in the almost ordinary case.

The action of (Z/27Z)? on Y allows us to map Fo, T, or T to Ep, so blowing-up
any of those lines will produce the same configuration of singularities as blowing-up
Eo. Replicating the proof of Proposition 4.6.1, if we consider 715 to be the map Y -> P3
whose image is the four linear polynomials on {b, ..., bs} defining the equations of E15,
we can construct a morphism ¢ : Y -> (IP3)? such that the Zariski closure of the image
of ' is the blow-up scheme Blg,g,,(Y"). The singular points of Blg,,g,,(Y) are then
two A, and two Aj singularities. Therefore, in the almost ordinary case it does not suf-
fice to blow-up all the exceptional lines on Y to obtain a smooth model.

As before, we could study this model of desingularisation from specialisation from
characteristic zero to characteristic two. Moreover, as we already have a description of
how we can specialise from characteristic zero to the ordinary case in characteristic two,
it would be enough to see how the ordinary case specialises to the almost ordinary case.

As previously described in Subsection 4.5.2, we can go from the ordinary case to the
almost ordinary case by setting one of the three roots of g(z), e.g. a3 to be equal to as.
Then, in Y, this implied that {Eop, E23} specialised to Eop, {Elg, FE43} specialised to E1s,
{Tl, T123} specialised to T, and {TQ, Tg} specialised to T,. In the Weddle surface W
associated to Y:

« The singular points {Qo, 23} specialise to Qp, {Q1, @12, D13} specialise to ()1,
and {Q2, Q)3} specialise to Q.

« The two lines {L1,7o(T123)} specialise to Ly, the three lines { L, L, 7o (Ea3)}
specialise to Ly and the two lines {mo(FE12), mo(FE13)} specialise to mo(E12).

As aresult, we can see that the specialisation to the almost ordinary case completely
breaks the nice symmetries that we had in the ordinary case.
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For instance, we see that sometimes we have 2-to-1 reduction and sometimes 3-to-1
reduction, and that there are instances of tropes reducing to lines that are not tropes.

From this, we can see that the description of how the Picard lattice of a smooth
Kummer surface with almost ordinary reduction at two reduces is less straight-forward
than in the ordinary case. In this case, the sixteen lines £;; that generated the sublattice
®1% A; cannot possibly reduce to the generators of the sublattice Ds @ Ds in the reduced
surface, and instead, we have that this sublattice must come from QQ-linear combinations
of the £;; or, alternatively, linear combinations which involve sums of the F;; and the
tropes.

4.6.3 The supersingular case

This case is completely different than the previous two. Projecting away from Eop, this
time we obtain quite a different outcome as, unlike in the other two cases, the associated
Weddle surface no longer has isolated singularities, but instead, it has a singular line L
which is defined by the equation:

Oéll_?l +52 = 04%51 + 53 =0.
The trope T, then gets contracted to the point

le[l:al:a%:ﬁﬂ.

Finally, Blg, (Y") blows up the singular point P of Y into a singular line which corre-
sponds to P x L.

4.7 Kummer surfaces that have everywhere good
reduction over a quadratic field

Let F' be a number field and v a non-Archimedean place of F' such that K = F), is a
complete discretely valued field with ring of integers Ok and residue field k. A variety
X/F is said to have good reduction at v if there exists a scheme or algebraic space X
smooth and proper over O with generic fibre Xy =~ X.

We will say that X /F has potentially good reduction at v, if there exists a finite
field extension L/F such that for all places w lying above v, X /L has good reduction at
w. A variety X /F is said to have everywhere good reduction if it has good reduction
at every non-Archimedean place.



4. KUMMER SURFACES IN CHARACTERISTIC TWO 91

There is a well-known result of Fontaine [Fon85] (see also Abrashkin [Abr88]) which
asserts that there does not exist any abelian scheme over Z and, as a consequence of this,
there cannot exist abelian varieties defined over Q with everywhere good reduction.

In a similar fashion, a lesser-known result, also due to Abrashkin [Abr90] and Fontaine
[Fon91] independently, shows that there cannot exist K3 surfaces defined over the ra-
tionals that have everywhere good reduction.

Since Tate provided in the late sixties one of the first examples of elliptic curves with
good reduction everywhere, the curve £/ Q(1/29) defined as

E:y? +ay+ (@)Qy =23,

many different techniques and methods have been developed in order to find elliptic
curves with everywhere good reduction over number fields. In the case of abelian sur-
faces, it is relevant the work of Dembélé and Kumar [DK16], Dembélé [Dem21], and
Dabrowski and Sadek [DS21] who all found explicit examples defined over quadratic
fields of genus two curves whose Jacobians have everywhere good reduction over a
quadratic number field.

After seeing that the question has a positive answer for abelian surfaces, one would
naturally ask if it is then possible to find examples of K3 surfaces with everywhere good
reduction over a number field. This is indeed the case for Kummer surfaces, where we
can find a scheme model with everywhere good reduction, as a consequence of the fol-
lowing.

Let A be an abelian surface over a number field X and let v be an non-Archimedean
place.

« If v does not lie above two, then the Kummer surface associated to A has good
reduction at v if and only if there exists a quadratic twist AX of A such that Ax
has good reduction. This is a consequence of the work of Matsumoto [Mat15] and
Overkamp [Ove21].

« If v lies above two, then the Kummer surface associated to A has potentially
good reduction if A has good reduction at v. This is a consequence of Lazda and
Skorobogatov [LS23] in the ordinary and almost ordinary case and Matsumoto
[Mat23] in the supersingular case.

Starting with an abelian surface with everywhere good reduction, these results show
that over possibly a field extension, its associated Kummer surface has everywhere good
reduction. The goal of this section is to show that it is possible to explicitly construct an
example of a Kummer surface with everywhere good reduction over a quadratic number

field.
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| Theorem 4.7.1. Let F = Q(v/353), letw = %ﬁ and let

C:y*+g(x)y = f(x)
where

g(@)=(w+)x* +2? +wz +1,

f(z) = (-15w +149)2° - (1119w + 9948)2° — (36545w + 325409)2*
~ (363632w + 5659370) 2> — (622714w + 5538975) 22
~ (3284000w + 288867915)x — 70532813w — 627353458.

Then, the Kummer surface associated to Jac(C) has everywhere good reduction over F'.

Proof.  This curve was found by Dembélé [Dem21, Theorem 6.2]. One can check that the
discriminant of C is —e, where € is the fundamental unit of /', and therefore Jac(C) has
everywhere good reduction. By the previously mentioned results, its associated Kum-
mer surface has good reduction at all non-Archimedean places not lying above two.
Therefore, we only need to prove that the Kummer surface also has good reduction at
the places lying above two. In order to do that, we will apply a criterion developed by
Lazda and Skorobogatov [LS23, Theorem 2].

4.7.1 A criterion for good reduction

Let A = Jac(C) be an abelian surface with good (not supersingular) reduction at two,
let K be a discretely valued field with perfect residue field k of characteristic two, and
let A/Ok be the Néron model of A/K, which is an abelian scheme with generic fiber
A = A. Let us fix an algebraic closure K of K, with residue field %, and let I'; denote
the Galois group of K /K. Then, we have the exact sequence of I x-modules:

0 — A[2]°(K) — A[2](K) — A[2](k) — 0 (4.7.1)

where A[2]° is the connected component of the identity of the 2-torsion subscheme

Al[2] ¢ A.

| Theorem 4.7.2 ([LS23, Theorem 6.3]). If A has ordinary reduction, the Kummer sur-
face associated to A has good reduction over K if and only if the exact sequence (4.7.1) of
[ -modules split. If A has almost ordinary reduction, the Kummer surface associated to A
has good reduction over K if and only if the I x-module A[2](K) is trivial. Moreover, in
both cases the Kummer surface has good reduction with a scheme model.

4.7.2 The proof of theorem 4.7.1

As the curve C has ordinary reduction at two, we will apply the first part of the theorem.
Let the K in the previous theorem be the completion of F' = Q(1/353) at two. As 353 is
1 modulo 8, we can easily check that 353 is a square in Qy, and so, K = Qs.
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Then, Ok = Z, and we deduce that k = Fy. Furthermore, by computing the 2-adic
expansion, we can see that w reduces to zero modulo two and therefore the reduction of
C modulo two can be shown to have the equation

6

V(B rat+ D)y =2%+ 2%+,

As explained in section 4.5, the decomposition of g(z) over k determines the number of
2-torsion points defined over k. As in this case g(x) is irreducible over Fy, A[2](k) is
trivial and A[2](¢) = (Z/27Z)? if and only if ¢ 2 Fg = Fy(¥), where 5° + 52 + 1 = 0. The
2-torsion points are of the form {FO, Flg,ﬁlg, F23} (as described in section 4.5) where
we take oy =7, s =72 and a3 = 2 + 7 + 1.

Therefore, as a I'x-module A[2](k) only admits a cyclic action of order three per-
muting its non-trivial elements corresponding to the action of Frobenius in 5. On the
other hand, the number of 2-torsion points defined over K is determined by the decom-
position of f(z) + 1¢(x)? into irreducible polynomials over KX, and using Magma, we
can easily check that

f(@) +19(2)? = ;a1 (2)g2(),
where ¢; and ¢, are the following irreducible polynomials over Q,

q1(7) = 2° + (2088841801 + O(2%?))x? + (1097586240 + O(23%))x + 553607353 + O(2?),
q2(7) = 2% + (1373013921 + O(2%?)) 2% - (1548938988 + O(23%))x — 856394843 + O(2%?).

As a matter of fact, this decomposition is induced by the fact that over F’,
f(@) + 39(x)? = =3 (19w + 169)q1 () 2 ()
where

¢ (z) = 2° + 3(12w - 5)2* + 15 (11w + 5640)z + 15 (2507w — 588),
q2(7) = 2% + (4w + 1) 2% + (8w + 468)x + 211w + 365.

As f(z) + g(z)? decomposes into two cubic polynomials, |A[2](K)| = 1 and as
A[2](K) # A[2](K), we deduce that there are elements of I'x acting non-trivially on
A2](K).

Let L be the unique unramified extension of degree three of QQ; which, without any
loss of generality, we can consider it to be Qy () where (w+ 1)¥3 +y2+wy+w+1=0.
Then, over L, we have that

f(@) + 39(x)? = tha(x)ho(2) hs(x) ha(x) hs () he (2),
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where

hi(x) = x — 40690428072 + 435522127 — 1230442616 + O (2
ho(z) =  + 3940575777* — 1606502354 + 490223466 + O(2*
hs(z) = 2 — 1060895121+ — 976503421 + 681577303 + O (2
ha(x) = x + 1307484884~ + 1755128143~ — 56114964 + O (2%
hs(z) =z + 91451290172 + 842339586 — 1344868422 + O(2*
he(z) = 2 — 1148255961~ — 449984081 + 626513659 + O (2

b

)

Y

b

)

~— Y N N N N

Y

and q1(x) = hi(z)he(z)hs(z) and g2 () = hy(x)hs(x)he(x). Let r; denote the root of h;,
and let P;; be the 2-torsion point associated to r; and r;. As the polynomial completely
splits over L, A[2](L) = A[2](L) and, therefore, A[2](L) is trivial as a I'z,-module. We
can therefore check that the only non-trivial actions of ' in A[2]( K') are the ones in-
duced by Gal(L/K') = C5 which permute the roots of ¢; and ¢».

As L is the maximal unramified extension of degree three of Q, the action of I'x on
A[2](k) is also by the group C3 and it acts in a way that is compatible with the action
on A[2](k). More precisely, let ¢ € S; given in the cycle notation by ¢ = (123)(456),
and let 7, be the action of I';c induced in A[2](K) by 7.(P;;) = P.(i)(j)- Then, 7. acts
on A[2](k) by permuting cyclically the roots of g(z) and the short exact sequence

0 — A[R2)(K) — A[2)(K) L A[2) (k) — 0

splits as we can easily construct sections of it, for instance, by defining

P, ifP=Py
aun=‘ﬂz if P = Py
Py;  if P =Py
Py; if P = Py,

as (Pya, Pi3) = (Z/27)% c A[2](K). It can be checked that ry, r, and r3 reduce to oy,
o and ag respectively so f o o = id. Notice that there are multiple acceptable different
ways to construct sections, such as considering the images of {ﬁo, P, Flg,ﬁgg} to be
{Po, Pys5, Pis, Pss}, { Po, P15, P34, Pag}, or { Po, P15, Pyg, Pas}, for instance. As a matter
of fact, there are sixteen possible sections that we can take, as there are four possible

images for P15, four possible i images for P13, and once we fix 0(Py3) and o(P,3), then
0 (Ps3) must be defined to be o(Py3) + 0(P13). O

This is where we can draw a connection with the previous sections of the chapter.
By choosing a section of the short sequence, we are choosing a set of four 2-torsion
points { Pp, P12, P13, P»3} with the same Galois action as the 2-torsion over the residue
field. In the model of the Kummer surface as an intersection of three quadrics in IP5, the
exceptional lines { o, F12, E13, Fa3} are defined over the same extension of QQ; as the
torsion points they come from, and their union is defined over Z, as the ideal defining
this variety only depends on the coefficients of the polynomial ¢;.
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Due to the Galois action over K being compatible with the Galois action of the re-
duction, we deduce that the ideal corresponding to the union of these four lines must
reduce to the ideal of the four exceptional lines associated to the 2-torsion points over the
residue field 5. If we consider the blow-up of the four lines on Y, we would therefore
obtain a smooth model of the Kummer surface defined over Z, whose reduction would
be the blow-up of the four exceptional lines over IF, which, as we have seen, resolves all
twelve singular points.

In this example, we did not need to take any field extension to obtain good reduc-
tion of the Kummer surface at two. This is not generally the case, as we can see when
we analyse the other examples in the articles, where we only obtain potential good re-
duction at the primes above two and we need to take field extensions to achieve good
reduction.

In the following table, we can see all the examples of curves C with ordinary re-
duction at two and everywhere good reduction over the field Q(w), the first six from
the article of Dembélé and Kumar [DK16], and the last two from the article of Dembélé
[Dem21]. In the last column, we can find the degree of the minimal extension of Qs (w)
where Kum(C) acquires good reduction at two. All the computations can be found in
the file Everywhere good reduction.m.

9(x) f(=) w |d
. 428+ (w-17)2® + (12w - 27)z* + (bw - 122)23
3 2 1+/53
wrt twrt w1 +(45w - 25)2% + (~9w — 137)x + 14w + 9 r |2
— 6 _ 5 _ 4

Bl (w-5)xb + (3w - 14)x’ + (3w - 19)x A3 |y
+(dw - 3)a® - (Bw +16)22 + (Bw + 11)z - (w+4) 2
—2(4414w +43089) 5 + (31147w + 303963 )2

w (23 +1) ~10(4522w + 44133)z* + 2(17290w + 168687) 23 vl | g
~18(816w + 7967) 22 + 27(122w + 1189)x — (304w + 3003)

a2l =220 + (3w + 1)2° - 2192 + (-83w + 41) a3 — 18062 LD | 4
+(~204w + 102)x - 977 2
— 6 _ _ 5 _ 4 _ _ 3

Bl 13425 — (146w — 73)x° — 13427x* — (3255w — 1627)x L | 4
~8974622 — (6523w — 3261 )z — 39941 z

Brrtl 2325 + (90w — 45) x5 + 3360124 + (28707w — 14354) 23 133 | 4
+319214922 + (811953w — 405977)x + 19904990 2
(13w + 77) 8 + (503w + 6772)2° + (1504w + 131460)z*

wrd+ 22+ (w+ 1)z +1 +(16882w + 1727293)23 + (116734w + 10787410)2:2 /i | g
+(398570w + 40121781)x + 611123w + 58505073
(14154412w + 275745514) 25 — (489014393w + 9526607332) 25
+(7039395048w + 137136152764 x* — 540434282243

28 +wa? + (w+ 1)z +w+1 | ~105283306083223 + (233382395752w + 4546578743807)22 | LovIS0T | 4
~(537510739916w + 10471376373574)x + 515810377784w
+10048626384323

Table 4.5: Examples of curves with everywhere good reduction and ordinary reduction
at two.
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To see why for some examples of surfaces we need to consider a field extension in
order to acquire good reduction at two, let us look for instance at the third example of
the table.

Here, K = Q2(1/421), O = Zs|w] and as the minimal polynomial of w is 22—z —105,
which is irreducible modulo two, we deduce that k& = Fo(@w) = 4. Then, the reduction
of C modulo two can be shown to have the equation

v rw@®+1)=(1+w)x’ +x+1.
Therefore, g(x) completely splits over &
g(z) =w(@®+1) = (wr+1)(z+1)(z+D),
and as A[2](k) = A[2](k), we deduce that A[2](k) is trivial as a ' -module. However,

f(@) + 19(2)? = Tha(@)ha(2)gs(2)qa(2),

where

hi(x) = v+ 1312351119 - 2028179001w + O(2%?),

ho(z) = 2 — 1300818437 — 1345357737w + O(2%?),

g3(x) = 2% + (1256541238 + 188416644w + O(2%2)) x + (1294873809 — 1495287772w + O(23?)),
qu(7) = 2% + (1426178004 — 209135522w + O(2%?)) & + (=1663860799 + 724531893w + O(2%?)),

are all irreducible polynomials over K. This implies that A[2](K) is not trivial as a I'x -
module, as there are non-trivial K -automorphisms acting on the Weierstrass points, and
therefore the 2-torsion. For instance, we have an action of order two permuting the two
roots of ¢3.

We can check that the only submodule of A[2](K) that is trivial as a I'-module
is A[2](K), which, as a group is isomorphic to (Z/2Z)? by what we have described in
section 4.2. However, this submodule is precisely .4[2]°(K ), and the image of this group
in A[2](k) is trivial.

As a consequence, one cannot find a section of the exact sequence (4.7.1), as the image
of any section would have to be trivial as a ' x-module, and we deduce that Kum(A)
does not have good reduction over Q,(v/421). However, if we consider the ramified
extension L = Q4(1/421,4), then, over that extension, the polynomial f(z) + 1g(x)?
completely splits. Thus, A[2](L) becomes trivial as a I';-module, and we can easily
construct sections as in the previous example.

Through a similar reasoning, we can argue in the other seven examples which field
extension we need to take, and what its degree is.
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In the first example, f(z) + 1g(x)? decomposes into the product of a quadratic and
a quartic polynomial over K = Qy(w) and the splitting field has Galois group Cj. Over
the residue field k£ = 4, g(«) decomposes into a linear and a quadratic factor, therefore
the action of I on A[2](K) is by the group C,. We checked that there are two possible
quadratic extensions of K compatible with the Galois action where the sequence (4.7.1)
splits, namely, the two ramified extensions that split the quartic factor of f(z) + 1g(x)>.
Each of these gives rise to eight possible sections that would split the sequence, so that
in total over the splitting field we would have the sixteen possible sections that we de-
scribed earlier.

In the rest of the examples, we always have that f(z) + 1g(2)? is irreducible over
K and the splitting field has A, as its Galois group. Furthermore, over the residue field,
g(x) is also irreducible so its Galois group is C3. From the Sylow theorems, we deduce
that there are four Sylow 3-subgroups, which have index four in A4, and from the Galois
correspondence we deduce that these must correspond to four field extensions of K of
degree four. Over any of these extensions, f(z) + 1g(x)? splits into two cubic polyno-
mials and we can construct four sections splitting the sequence (4.7.1). These extensions
were generally easy to find, with the exception of the last two examples where, in order
to find the extensions over which the sequences split, we had to explicitly find the fixed
field by the Sylow 3-subgroups.

4.7.3 Kummer surfaces with everywhere good reduction and
almost ordinary reduction at two

A natural question remains unanswered, which is whether it is possible to construct a
Kummer surface with everywhere good reduction and almost ordinary reduction at two.
The answer in this case is also affirmative, but no examples have been found where the
good reduction is achieved over a quadratic number field. In this case, as we saw from
theorem 4.7.2, good reduction at two is obtained over the field K where the sequence
(4.7.1) is of trivial I'x-modules. Applying the same reasoning as before, we can see that
this field extension K must be the splitting field of f(x) + ;g(z)?.

There are only two examples in Dembélé and Kumar’s article of abelian surfaces with
everywhere good reduction that have good almost ordinary reduction at two:

9(x) f(z) 2|
v 200 + (2w + 7)2® + (“bw +4T)2t + (-12w +85)2® | |, /53 12
+(=13w +97)22 + (-8w + 56)x — 2w + 1 2
sl =220 — (2w - 1)25 - 452* - 4(2w - 1) 23 - 312 1+V358 | 19

+(w-1)x+9 7

Table 4.6: Examples of curves with everywhere good reduction and almost ordinary
reduction at 2.
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In both of this cases, we can check that the minimal extension where f(z) + 1g(z)?
completely splits is the degree twelve extension Q,(/5, V/1 + 1), whose Galois group is
the dihedral group of order twelve. The calculations are available in the file Everywhere
good reduction.m as well.

One can easily check that this field extension decomposes in a degree two unramified
part Qy(+/5), and a degree six completely ramified part given by Q,(%/1 + i). Therefore,
if we set K = Qo(~/1 + 1), we find that the Jacobians of any of the two previous examples
are abelian surfaces with good, almost ordinary reduction at two, such that A[2](K) are
unramified but non-trivial as a I' x-module.

Regarding other possible examples, Dgbrowski and Sadek [DS21] computed a family
of genus two curves with everywhere good reduction and almost ordinary reduction at
two. We computed 400 examples of their family and checked that in none of them, the
associated Kummer surface has good reduction over the base field.

4.7.4 Other examples

The rest of the examples of the list of abelian surfaces with everywhere good reduction
over a quadratic field have supersingular reduction at two. By the result by Matsumoto
[Mat23, Theorem 1.2], there must be a field extension over which the Kummer surface
acquires good reduction at two, but unfortunately, his result does not allow us to explic-
itly compute what this extension is in examples.

However, very recently, there has been new progress in the problem of computing ex-
amples of Kummer surfaces with everywhere good reduction over a number field when
the Kummer surface has supersingular reduction at 2. Schréer has constructed examples
of Kummer surfaces of products of two elliptic curves over the quadratic number fields
Q(V/7), Q(v/41) and Q(+/65), and an infinite family of cubic fields with Galois group
Sz [Sch25].
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This chapter is based on the paper Intersections of the automorphism and the Ekedahl-Oort
strata in M.

5.1 Introduction

In chapter 2, we saw that the number and type of singular points of a generalised Kum-
mer surface associated to the quotient of an abelian surface A by the action of a group
(G was determined by the characteristic p of the base field, and, if p divided the order of
G, the p-rank of A.

In the case where A = Jac(C) for some curve C, we can make a connection between
the automorphisms of C and the automorphisms of A preserving its principal polarisa-
tion as a Jacobian variety (which, as we saw in section 4.2, comes from considering a
multiple of a theta divisor). In the next chapter, we will study which generalised Kum-
mer surfaces arise as quotients of Jac(C) by a group action preserving the polarisation.
But before we do that, in this chapter we will answer the following question:

Given a prime p, 0 < f,a < 2, and a group G, is there a genus two curve over a
field of characteristic p that has automorphism group GG and whose Jacobian variety has
p-rank f and a-rank a? If the answer is affirmative, we would also like to obtain more
information about the properties of the set of curves satisfying these conditions.

One thing that we can do is to study what the locus of the curves satisfying these
properties looks like inside the coarse moduli space of genus two curves 5. The reason
why this approach is convenient is because an explicit description of this moduli space
is known, and we can perform computations in it using mathematical software, using
Magma in our case [BCP97]. The code is available in this repository.

In section 5.2, we review the construction of an explicit model for the coarse moduli
space of genus two curves using the Igusa invariants.

In section 5.3, we survey what the possible automorphism groups of a genus two
curve are in every characteristic.


https://arxiv.org/abs/2507.07278
https://arxiv.org/abs/2507.07278
https://github.com/AlvaroGohe/Intersections-of-strata-in-the-moduli-space-of-genus-2-curves
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This section is of independent interest, as we provide a detailed description of the
geometry of the automorphism strata and compute universal models for the curves in
each stratum, extending the models described by Cardona and Quer [CQ07] to work uni-
formly in every characteristic. In the case of curves with automorphism group C2, we
prove that this stratum can be related to a moduli space parametrising pairs of elliptic
curves with level 2 structures.

In section 5.4, we recall the description of the Ekedahl-Oort strata of the moduli space
of abelian surfaces, and explain how to compute these strata from the description of the
Hasse-Witt matrix.

Finally, in section 5.5, we present the main results of the chapter, which are tables
containing the dimensions and the number of irreducible components of the strata cor-
responding to the intersections of the automorphism and Ekedahl-Oort strata.

5.2 The coarse moduli space of genus two curves

Let M, denote the coarse moduli space of genus two curves. Assuming that we are
working over a field k of characteristic not two, then, over the algebraic closure of k
every genus two curve can be written in the form

y? = ﬁ(:c -N), (5.2.1)
=1

for some \; € k which are all distinct. In 1960, Igusa [Igu60] computed a set of five func-
tions now known as Igusa invariants {J, Jy, Js, Jg, Jio} that determine a genus two
curve up to isomorphism. These invariants are defined as symmetric functions depend-
ing on the ); in the following way:

For any permutation o € Sg, we define (ij), := (Ari) — Ao(j)). Let s1, 59, 53 be the
following symmetric polynomials:

s1= ), (12)7(34)7(56)7,

0€Sg
83 = ES:.(12)3(13)3(23)3(45)3(46)3(56)3,
53 = ZS: (12)7(13)7(14)7(23)7(25)7(36)7(45)5 (46)5 (56)7,

ss= [] ()i = disc( ﬁ(az - )\1))

1<i<j<6 i=1
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Then, the Igusa invariants are defined by
Jo = ﬁsl,
Jy = ﬁs% - 3%32,
J6 = ﬁs? + %8152 - 3—253,
Jg = ﬁs‘f + 2%3375%32 - 2—543153 - ﬁsg,
Jl() = 2885.

Some sources define these invariants slightly differently, but we have chosen the defini-
tion that matches the implementation of the Igusa invariants in Magma [Mes91].

As these only depend on symmetric polynomials of the x-coordinates of the Weier-
strass points of the curve, one can easily check that the Igusa invariants can also be
expressed in terms of the coefficients of the curve. Therefore, they are defined over the
base field of the curve. The definition of these Igusa invariants extends to curves de-
fined over any field of positive characteristic, in particular, over fields of characteristic
two where genus two curves cannot be written as in the equation 5.2.1.

These invariants are not algebraically independent, as for any curve we have the
relation

JZ - JQJﬁ + 4J8 =0.

Since our curves are smooth, we can also check that Jio # 0. Let X = V(J? - JoJg +4.J5).
We can then define a morphism

My — X cP(1,2,3,4,5)
C— [J2(C) : Ju(C) = J6(C) = J3(C) : J1o(C)],

and the image of M, inside V(J7 — JoJg + 4J3) corresponds to the open subvariety
Xy c X given by Jyp # 0. As stated before, the Igusa invariants determine a genus two
curve up to isomorphism, and so, there is an inverse rational map from X to M,. Fur-
thermore, the Deligne-Mumford compactification M is isomorphic to a blow-up of X
[Liu93, Théoréme 1].

The method to recover a curve from its Igusa invariants has been described by Mestre
[Mes91]. Note that, in general, given a set of Igusa invariants over a non-algebraically
closed field k satisfying J? — JoJg +4.Jg = 0, it may not be possible to find a curve defined
over k with those invariants.

Let A, be the coarse moduli space of principally polarised abelian surfaces. We can
construct a morphism from M, to A, that associates to each curve its Jacobian variety.
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This map, known as the Torelli morphism, is an injective morphism from M5 to
As, and its image is dense in As,.

Since the moduli spaces A, were first described, there has been significant interest in
understanding their stratifications. These are decompositions of A, into locally closed
subsets known as strata, which correspond to abelian surfaces with specific geometric
or arithmetic properties. For g = 2, the Torelli morphism provides a means of translating
these properties into the language of curves, allowing one to study the corresponding
loci in M> as preimages of the relevant strata in As.

5.3 The automorphism group stratification

Assume we are working over an algebraically closed field. Then, a genus two curve
defined over a field of characteristic p > 0 has one of the following automorphism groups
[Igu60]:

« (5, which happens generically.

. C2.

« Dy, the dihedral group of order 8, if p + 2.
o (Y, ifp#2,5.

Dg, the dihedral group of order 12.

o (3% Dy, which has order 24, if p # 2, 3, 5.
GLy(IF3), which has order 48, if p # 2, 5.

If p = 2, we have the additional possibilities:

C3, which has order 32.
« (5 C5, which has order 160.

If p = 5, we also have:

+ SLy(IF5), which has order 120.

A consequence of the injectivity of the Torelli morphism is that every automorphism
of Jac(C) preserving the polarisation arises from a unique automorphism of the curve
C. Conversely, as every genus two curve is hyperelliptic, one can check that every auto-
morphism of C comes from a polarised automorphism of Jac(C).

Therefore, Aut(C) is isomorphic to the group of automorphisms of Jac(C) which
preserve the polarisation. We will explain this in more detail in the next chapter.


https://beta.lmfdb.org/Groups/Abstract/2.1
https://beta.lmfdb.org/Groups/Abstract/4.2
https://beta.lmfdb.org/Groups/Abstract/8.3
https://beta.lmfdb.org/Groups/Abstract/10.2
https://beta.lmfdb.org/Groups/Abstract/12.4
https://beta.lmfdb.org/Groups/Abstract/24.8
https://beta.lmfdb.org/Groups/Abstract/48.29
https://beta.lmfdb.org/Groups/Abstract/32.51
https://beta.lmfdb.org/Groups/Abstract/160.235
https://beta.lmfdb.org/Groups/Abstract/120.5
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Let GG denote one of the previous groups. Then, the subsets

Weq ={C € My(k) : Aut(C) > G}

are closed subschemes of M5. This can be seen from the fact that over algebraically
closed fields, isomorphic curves have isomorphic automorphism groups and that the
necessary conditions for a curve to admit a certain automorphism can be described in
terms of the vanishing of polynomials involving the coefficients of the curve. The di-
mensions of the subschemes IV are the following:

P+ 2 P+2,5 p+2,3,5 p=2 p=9
G CQ 022 .D6 D4 CIO GL2 (IF3) Cg X D4 CS CQ 14 05 SLQ(F5)
dim(Woe) | 3 | 2 | 1] 1 | 0 0 0 1 0 0

Table 5.1: Dimensions of the automorphism strata.

5.3.1 The zero-dimensional strata

Each of the zero-dimensional strata corresponds to a unique curve:

1. Up to isomorphism, in characteristics not two or five, the unique curve with auto-
morphism group C' is

yiry=a’,
which corresponds to the point [0:0:0:0: 1] in M.

2. Up to isomorphism, in characteristics not two or five, the unique curve with auto-
morphism GLy(F3) is
y? =" - .
In M,, this curve corresponds to the point [20 : 30 : —20 : =325 : 64].

3. Up to isomorphism, in characteristics not two, three or five, the unique curve with
automorphism group C3 x Dy is

y? =25+ 1.
In M, this curve corresponds to the point [120 : 330 : =320 : ~36825 : 11664].

4. Up to isomorphism, the unique curve in characteristic two with automorphism

CQZC5iS
Y2y =ad.

In M,, this curve corresponds to the point [0:0:0:0:1].
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5. Up to isomorphism, the unique curve in characteristic five with automorphism

SLQ(Fg)) is

yi=a’ - 2.

In M, this curve corresponds to the point [0:0:0:0:1].

5.3.2 Describing the other automorphism strata

The only strata that are left are the ones corresponding to the groups C%, D, and Dg in
characteristic not two and C3 in characteristic two. The key idea to explicitly construct
these strata is that we can characterise these automorphism groups from the presence
of elements of a certain order. More specifically,

« The genus two curves with automorphism group containing C? are those that
admit a non-hyperelliptic automorphism of order two.

« The genus two curves with automorphism group containing D, are those that
admit an automorphism of order four.

« The genus two curves with automorphism group containing Dy are those that ad-
mit an automorphism of order three.

In characteristic two, the stratum C3 has been described by Igusa [Igu60].

Given any genus two curve, we can always transform it to one of the form
, & A 6 '
v+ Y gty =) fial.
i=0 =0

for some f;, g; € k. In order to construct the strata, we will assume that this general curve
admits one of the special automorphisms stated above. In order for this to be possible,
the coeflicients g; and f; will have to satisfy certain relations. Then, using the descrip-
tion of the Igusa invariants in terms of the coefficients of the curve, we can obtain the
equations for the locus of curves in M, satisfying these relations.

5.3.3 The stratum of curves with automorphism group C3

Suppose that a general genus two curve admits the automorphism

T -r-1,
o: (5.3.1)
yry.
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Then, we can always write such a curve in the form
C: P+ (qr(x+1)+g0)y=fsx*(x+ 1%+ (fo— fr)a*(z + 1) + frz(z + 1) + fo
for some choice of values of {go, 91, fo, f1, f2, [3}-
If the characteristic is two, W,z is given by V(hs, hg) ¢ X where

hs = Ji+ JyJ2 + J2JyJs + J3 T,
hg = JEJ@- + Jg) + JQJZJg + J22J4<]10.

If the characteristic of the base field is not two, W. ¢z is given by V(h15) ¢ Xy where
hi5 is a polynomial of weighted degree 15. This has been described by Shaska and Volk-
lein [SV04].

Parametrisation of the stratum

Regardless of the characteristic of the base field of definition, IV, ¢z is an irreducible sur-
face inside M. We can also check that the singular subscheme of W, ¢z corresponds to
the union of all the strata W-  with > C2, which, if the characteristic of the base field
is two, is W.¢3 and if the characteristic of the base field is not two, is W>p, U W p,.

In characteristic two, we can see that I, 2 is rational, as we can compute a rational
map

P? — Wz © P(1,2,3,4,5)
(20121 T2] > [m0: moxy  mox? 2370 1 (To2d + 2 + 2325)],
with inverse

WZC% —>P2
[J2 : J4 : J6 : Jg : J10:| — [J;l : J22J4 : Jg]

In characteristic zero, it is also known that WzC% is rational, for instance, by the work
of Kumar [Kum15]. Through similar methods, in every characteristic that is not two, we
have computed a morphism

P(1,1,2) — >c2 © P(1,2,3,4,5)

whose inverse is defined outside the singular locus of W, 2. This implies, in particular,
that W,z is birationally equivalent to P(1,1,2), and therefore rational.
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Let o as in equation 5.3.1 and C € W, 2. Then, the quotients of C by either the
subgroup (o) c Aut(C) or (1,0) c Aut(C) are genus one curves, as both quotient maps
ramify at two points. There is a natural choice that gives these quotients an elliptic curve
structure, which is, for C/(c), to set as the point at infinity the image of the fixed points
by t,0, and for C/(1,0), to set as the point at infinity the image of the fixed points by o.

An explicit model for Ey = C/(o) is
B g+ (gue+ fago)y =2 + (fo = f1)a + fifsz + fof3,
where the quotient morphism 7 is given by

(e C — E1
(2,y) — (fzz(z +1), f3y)

As for Ey = C/{1p0), if we let
\=64fy—20f; +4fy — f3+ 1692 - 8gog1 + g7,
an explicit model of Ej is given by
By y®+((91-490) = Ago)y = 2° + (48 fo = 9f1 + fo + 895 — 2g091)2” + N(12fo = f1 + g5 + N* fo.
Here,

Upr C—>E2

“Ax(r+1) My+ (x+1)(grae(z+1) +go0))
(x’y)H( (2z+1)2 (220 + 1) )

Let 7y be a non-hyperelliptic involution in Jac(C) and
E,={DeJac(C): D =(P)+ (y(P)) - K¢ with P € C}.

Then, we have two isomorphisms ¢; : £y - E, and iy : By - E,, ,. Here is where we
can see that our choice of the origin in the E; is very natural, as the points () that are
fixed by 11,7y satisfy that @ = 1,7(Q) and so,

(@) + (1(Q)) - Ke = (i (Q)) + (7(Q)) - K = Ke - Ke = 0.
We therefore can construct an isogeny

v By x By — Jac(C)
(P17P2) —> Zl(Pl) +i2(P2)

whose kernel is a subgroup of Jac(C) isomorphic to (Z/27)? [ALT14].
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Let j(F1) and j( Es) be the j-invariants of F and E5 respectively. Then, j(£;) and
j(FE5) are both solutions of a quadratic equation of the form

h2j2+h1j+h020

for some h; € k[X]. In characteristic two, j(E;) = j(FE2) only when J, = 0, which
corresponds to the stratum W. 5. In the rest of the characteristics, the subvariety of
W ¢z for which j(E1) = j(Es) forms two curves inside X, one of which corresponds
to VV2 p,» and the other corresponding to the curve Z = V(hs, hg) where

hs = J5 = 56.J3J, + 9125 J7 — 3456.J,Jg + 576J5Js + 17408.J 0,
he = 3JyJy — 150J3J3 + 1871J5 + 27J3 + 73J3 Jg — 1764J,Jg + 1904.J5.J1.

If the characteristic of the base field is 17, Z is given instead by V(hs, hig) € X, where

h3 = JS + 2J2J4 + 8J6,
th = 5Jj + ].OJZJ(? + J24J4J8 + 3J43J8 + 16JZ=]8 + 16J4J§ + 5J2JZJ10 + 9J4<]6J10 + 2J2J8J10 + 11J120

Connection with the moduli space of pairs of elliptic curves with level 2
structures

In this subsection, let us assume that the characteristic of the base field is not two.

We have seen that for each curve C € W, 2, we can associate a pair of elliptic curves,
namely, the quotients of C by two non-hyperelliptic involutions. A natural question
is, is this pair of curves uniquely determined by the choice of C? The answer is no: if
Aut(C) = Dy, then there are multiple choices of non-hyperelliptic involutions, and the
resulting quotients can give rise to non-isomorphic pairs of elliptic curves, depending
on the choice. An explicit example can be found in the accompanying Magma file in the
repository.

We can also ask about the converse: given two elliptic curves, can we construct a
genus two curve that is unique up to isomorphism whose quotients are those two curves?
The answer to this question is also no, as for each pair of elliptic curves { E, F»} there
are often multiple ways to glue those elliptic curves along their 2-torsion that give rise
to non-isomorphic genus two curves. More specifically, given a pair of elliptic curves,
generically, there are six different non-isomorphic genus two curves whose quotients
are those two elliptic curves. These six curves correspond to the six possible ways that
we can pair the non-trivial 2-torsion points of F; and FEs.

However, despite all of this, if we fix extra information, we can still relate the stra-
tum W, o2 with a coarse moduli space parametrising pairs of elliptic curves. We will now
explain how.
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Let M be the moduli space characterising isomorphic pairs (C, o) where

+ The curve Cis in W.cz.

« o is a choice of a non-hyperelliptic involution of C.

« Two pairs (C,0) and (C’, 0') are isomorphic if there exists an isomorphism
a:C—C suchthat o’ =aoooal.

Let X (2) be the coarse moduli space of elliptic curves with a level 2 structure. The
elements of this space correspond to pairs (E, ¢) where

« I is an elliptic curve.

« ¢ is an isomorphism ¢ : (Z/27)2 - E[2](k).

« Two pairs (E,¢) and (E’, ¢') are isomorphic if there exists an isomorphism « :
E — E' such that ¢/ = a0 ¢.

As a coarse moduli space X (2) is isomorphic to A\ {0, 1}. This association comes from
the fact that every elliptic curve E can be written in Legendre form

Ey y=z(x-1)(z-)\)

and we can identify A < (E), ¢, ), where the morphism ¢, is set to be the one that sends
the two generators of (Z/27Z)? to Py = (0,0) and P, = (1,0) in F,[2]. Note that if we fix
E, changing the structure ¢ corresponds to applying one of the following f, € PGLy (k)
to \:

Y

b
-\

> =

fia(A) = A, fan(A) =1-X, fazn(A) =
1

A
f(23)()\) = E’ f(123)()\) = T’ f(132)(>\) =

Here, 7 € S3, and this descr_iption in terms of f, allows us to see S3 as a subgroup of
PGLy (k). Now, we define My to be (X (2) x X(2))/Aut((Z/27)?), i.e. the quotient
of X(2) x X(2) under the relation

((E17¢1)7 (E27¢2)) = ((E{agbll)a (Eé7¢é))

if and only if £y » E], Ey 2 E!, and there is an automorphism 7 € Aut((Z/2Z)?)
such that ¢} = ¢ o 7 and ¢}, = ¢ o 7. Note that an automorphism of (Z/27Z)? corre-
sponds uniquely to a permutation of the three non-trivial 2-torsion points, and as such,
Aut((Z/27)?) = S5. We will fix this isomorphism to be the one corresponding to the
ordering of the non-trivial points of (Z/2Z)?, {(1,0), (0,1), (1,1)}, so for the rest of the
chapter we can identify any 7 € S5 as an element of Aut((Z/27Z)?) and vice versa.

In terms of the description of X (2) that we have given, we can describe M, as the
quotient variety formed by the set of pairs (A1, A2) € (Al \ {0,1})? under the relation
(A1, A2) = (A1, AY) if there exists a 7 € S5 such that (A}, A\y) = (f- (A1), fr(A2)).
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Let A be the subvariety in My formed by the points of the form ((E, ¢), (E,®))

for some (F, ¢) € X(2) and let M = My N A. We then have the following result:
| Theorem 5.3.1. There is an isomorphism ® between M and M.

Proof.  For any C € W,z and o a non-hyperelliptic involution, there are ten points that
are fixed by some non-trivial element of the group (i, 0):

« There are six points fixed by ¢j,, namely the Weierstrass points of the curve. These
points are not fixed by o or by ¢,0, but the action of o permutes them: applying
o to a Weierstrass point yields a different Weierstrass point. Therefore, the six
Weierstrass points decompose into three orbits under the action of o, each con-
sisting of two elements.

« There are two points fixed by o, which are not fixed by ¢}, or ¢,0.

+ There are two points fixed by ¢,0, which are not fixed by ¢}, or o.

Recall that given a genus two curve, we can construct morphisms 7 : C - 4 and
7y : C - E», where E) is the elliptic curve C/(o) with the choice of the point at infinity
given by the image by 7; of the fixed points of 1,0, and E is the elliptic curve C/(i,0)
with the choice of the point at infinity given by the image by 75 of the fixed points of o.

The morphism ¢ : M - M.

Let (C,0) € M. As we just mentioned, the action of ¢;, on C fixes the six Weierstrass
points, and they form three orbits under the action of . Let us fix an ordering of these
three orbits:

{{Pi1, Pro}, {Po1, Poo}, {Ps1, P32} }.

Now, let F; = C/{0) and E5 = C/{1,0) as before. The action of ¢, on C induces an
action of order two on E;, whose fixed points are

Qi,l = Wi(Pn) = 7Ti(P12)a Qi,Z = 7Ti(P21) = 7Ti(P22)7 Qz’,z = 7Ti(P31) = Ti(P32)-

Therefore, these points correspond to the non-trivial 2-torsion points of £;. We will then
define ¢; to be the isomorphism:

Gi: (Z/QZ)2 - Ez[Q](E)
(1,0) — Qi
(0,1) — Qi
(1,1) — Qi3

Suppose that we picked another ordering of the orbits of the Weierstrass points. Let QZ j

the points on F; associated to this order and ¢; the corresponding level 2 structure.
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Then, there exists a 7 € S3 such that Q; ;(;) = Q, ; and, as such, a 7 € Aut((Z/2Z)?),
such that <~bl =@;oT.

Furthermore, if we have two isomorphic pairs (C,0) and (C’,0’), there is an iso-
morphism « : C — C’ which induces isomorphisms C/{c) = C'/{aca™t) = C'/{c’) and
Cl(tno) = C'[{oupoa) = C'[{1}0"). As a sends the fixed points of o,¢,0 and ¢ to
the fixed points of 0’, ;0" and ¢} respectively, the associated elliptic curves satisfy that

(Es, ¢i) = (B, ¢)).
Therefore, the map

D M — Ma = (X(2) x X(2))/ Aut((Z/27)?)
(C,0) — ((Er, 1), (Ea, $2))

is well-defined. The image of ® lies in M,y for the following reason:

Given an elliptic curve E;, we can always construct a degree two map that ramifies
at the four 2-torsion points. As we can map uniquely any two sets of three points in P!
using a projective transformation, we deduce that for each F; there exists a unique map
Y« B; — P! satistying

¥i(9:((1,0))) =0, ¥i(9:((0,1))) =1, Yi(@i((1,1))) = oo.

Composing v; with the quotient map m; : C - E; gives us maps ¢; o 7; : C — P! which
satisfy that )1 o Ty = 1) o 5.

If (E1,¢1) 2 (E,¢2), this would imply that there is a A € Al \ {0,1} and two
isomorphisms «; : F/; - ) such that ¢ = a; o ¢;. One can check that if we define v’ to
be the map E) - P! such that

¢,(¢,\((1,0))) =0, ¢,(¢/\((0’1))) =1, W(%((Ll))) =0,

then ¢’ = 1)1 o a7 = ¢y 0 a3', and so,

¢,°041°7T1Zwloafloaloﬂl=¢1°7T1=¢2°7T2=w2004510042°7f2=¢'0042°ﬂ2-

Let @ and ¢,(Q) be the two fixed points of 1,0 in C. Then, o o; would send both points
to the point at infinity of E), which is a ramification point of 7/’. From the description of
the fixed points that we gave at the start of the proof, one can check that oy o 5 would
send @ and 1;,(Q) to two different points of F, none of which is a ramification point of
Y. As 1" has degree two, we deduce that

Yoarom(Q) P oazom(Q) Y oarom(in(Q)) # Y oagom(tn(Q))

and this would lead to a contradiction, as we had shown that ¢’ o ar; o 711 = 9’ 0 g 0 7.
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The morphism ¥ : M - M.

Let ((E1,01), (E2,¢2)) € X(2) x X(2) such that (Fy, ¢1) # (Es, ¢2). To construct
the inverse of ®, consider the two morphisms 1); and 15 that we defined before, which,
as we saw, depended on the ¢;. We define the fibre product of (F1,¢;) and (Es, ¢»)
along P! to be the scheme E; xp1 Es, together with morphisms p; and p, to E; and
Es respectively that satisfies the following universal property: for any scheme W with
morphisms ¢; and @9, such that ¥y o o1 = 15 o y, there exists a unique morphism
0 :W — Ey xp1 Ey such that ¢; = p; o6 and @y = ps 0 6:

O
39 £

~
e\ B xpt By — = By

[

B, —2— P

We will prove that the normalisation Cg, x, g, of E1 xp1 Ey is a genus two curve.
To do this, we will show that for any £ and F, there is a genus two curve Cy, ), and
morphisms ¢; and ¢, making the diagram commutative and use the information that
we know about the ramification of the morphisms to show that this curve is isomorphic
to C Eixp1 By

Let p; € P! be the image under v; of the point at infinity of F;, and let \; = ﬁ As
we saw, we can construct an isomorphism «; : E; - E), where

E)\.:

7

y?=z(r-1)(z-N)

such that (E;, ¢;) 2 (E),, ¢»,) and ¢; = ¢} o o; is defined by

w,: E>\z —)]P)l
(5.9) — =

Recall that (E4, ¢1) ¢ (Es, ¢2) implies that \; # \o. Now, consider the curve

Con: YP=(22-1) (a:2 - i—;) (x2 - —28? : 3) )

By computing its discriminant, we can see that this curve has genus two for any two

values A\, Ay € Al \ {0, 1}, such that A; # \,.
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We can construct two maps, p; and py

p1i Caan — B,
Mg —1)
s 22 2\2 1) 8
(l’?y) (Vl (‘IE Az()\l_l))’yly)v
P2: C)\l)a - E)\Q

Y Y R GV DA I Ao(\ - 1)3y
(1’7y) ( 2(1,2 /\l()\2_1))7 2(}\1(>\2—1)é$3))7

where
(A2<A1—1>)5 (M(Az—l))%
v =|——=] , Vg =|—F—-2)] .
)\1 - )\2 )\1 - )\2
Then, ¥ o p; = 1} o ps, as in both cases, this is the map
¢z, ° pit C)\1,)\2 — P!

)\2(1 - /\1)1‘2 - )\1(1 - )\2)
)\2332—)\1 )

(7,y) —

As a consequence, we can define 1 = a7' o p; and ¢ = a5 o py, and deduce that there
exists amap 0 : Cy, », = E1 xp1 Ey making the following diagram commutative:

p1

C>\1,>\2 > E)q
O 0 ! 041T\
~
P2 02 El Xp1 EQ o) E1 Yy
S
E “© g,
Ao N 2 7

It is not difficult to see that the preimages of the three points that are simultaneously in
the branch loci of 1/ and 15 give rise to singularities of F; xp1 E, so this is not a smooth
curve. As p; is a dominant morphism to F; of degree two, £; xp1 F5 has at most two
irreducible components. If it had two irreducible components, the ramification locus of
p1 should correspond to the points where the two components meet and, therefore, all
of these points should be singular.

However, we can check that p; has two ramification points which are smooth, namely,
the two preimages of the ramification point of ¢/; that is not a ramification point of 1/,
(earlier in the proof I denoted this point as 1t1). Therefore, we deduce that Fy xp1 Ej is
irreducible.
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Although we will not prove it, one can further check that £; xp1 E, has three nodal
singularities, and its arithmetic genus is five.

As both maps ¢, and p; have degree two, we deduce that the map 6 is generically
1-to-1, and as Cy, », is smooth, we deduce that Cy, ), is isomorphic to the normalisation
of By xp1 5. There is a clear non-hyperelliptic involution in Cy, », sending x +~ —z, and
this gives rise to an involution ¢ in Cp, «, i,- Therefore, we have a morphism

(X(2)xX(2) A —M
((Ela ¢1)a (E27¢2)) — (CE1><]P1E276)

This extends to a morphism ¥ : My — M.

To see this, assume that we have ((E], ¢}), (F}, ¢5)) such that ) = E], Ey = El,
and there is an automorphism 7 € Aut((Z/2Z)?) with 7(¢;) = ¢! for i = 1,2. Then,
from the description of X'(2) that we gave earlier, we see that C:x., & = Cy.(n).f,(M2)-
By computing the Igusa invariants with Magma, we can check that

JZn(C)\l,)\z) = JQn(CfT()\l)afrOQ))

forall 1 <n <5 and all 7 € S3. Therefore, Cy, x, = Ct (r)),f, (22)-

Hence, V: M — Mo is a well-defined morphism.

| Remark 5.3.2.  While it is always true that Cy, », = Cy.(n).f(n)s it is certainly not
true in general that Cy, », = Cy, f.(x,)- In fact, one can check that C € Wsp, if and only if
there exists A € A1\ {0, 1} and an involution T € Ss such thatC = C, y, (»). Likewise, C € Z,
where Z is as defined in subsection 5.3.3, if and only if there exists \ and an element T € S5
of order three such that C = C) y, (x)-

I

Finally, to prove that we have an isomorphism ® : M — My, we need to check that
Vo ® =id . This is easy to see from the following commutative diagram:
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The universal property of the fibre product implies that we can construct a map
0 :C - C/{(o) xp1 C/{tpo). This map 6 induces an isomorphism between C and the
normalisation of C/{c) xp1 C/(1,0). By carefully tracking the involution ¢ through the
commutative diagrams, one can check that ¥ o ® =id . [l

For every C € W,z and every non-hyperelliptic involution o, we have that both
(C,0) and (C,t,0) are in M, so there is an action of C5 on M exchanging these two
points of the moduli space. Let M/C5 denote the quotient. Similarly, we have an action
of Cy on M, that swaps the two copies of X (2). Let M.;/C5 be the quotient of M,y
by that action. We can easily check that

O((C,0)) = ((E1,91), (B2, 42)) = ®((C,u40)) = ((Ea, ¢2), (E£1,¢1))

and therefore (5 acts on M and M in a compatible way. As a consequence, we deduce
the following:

| Corollary 5.3.3.  As coarse moduli spaces, M [C5 is isomorphic to M ;/Cs.

We can define a forgetful morphism 7 : M/Cy — WS¢z that sends the equivalence
class of a pair (C, o) to C. By checking the conjugacy class of every element of order two
in every possible automorphism group of C, we can study the fibres of this morphism 7:

1. IfC e W, 2 N\ W, p,, we can check that there are only two classes of pairs of points
in M whose first factor is C, corresponding to (C, o) and (C, t;,0) for some choice
of 0. These choices are identified when we take the quotient, and therefore 71 (C)
is only one point.

2. If C € Wsp, N\ Wiqr,(r,), there are again two classes of pairs of points in M whose
first factor is C. If we let o be a non-hyperelliptic involution and 7, an automor-
phism of order four of C, the two pairs are (C,0) and (C,740). In both cases,
(C,0) 2 (C,tpo) and (C,140) = (C, 1,74 0), so they are different points in M/Cs.
Therefore, 7~!(C) are two points.

3. If Aut(C) = GLy(F3), up to conjugation, C has a unique non-hyperelliptic involu-
tion, and therefore 771(C) is only one point.

From this analysis, we deduce that the forgetful morphism 7 : M/Cy — >c2 1s injec-
tive outside of the points where the image of this map lies inside Wsp, N\ Wsqr,(r,). We
will use this result in section 5.5.

5.3.4 The stratum of curves with automorphism group D,

Suppose a general genus two curve admits the automorphism of order four

{x = -,
Ty: .
Y = 1y.
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Then, the characteristic of the base field cannot be two and we can always write such
a curve in the form

3/2 = f51’5 + f3$3 + fix

for some value of { f1, f3, f5}.

If the characteristic is not five, W p, is given by V(hs, hg) where

hs = J5 = 64J3 Jy + 1216.J5J3 — 5760J,Js + 768.J5.Jg — 128000.J1¢
he = JyJy — T4J2J2 + 145613 — 432072 — 40.J2 Jg + 1728, Jg — 3200.J5.J0,

whereas if the characteristic is five, then W p, is given by V(hy, hs, hg) with

hy=Jy+ J3Jy+ J? +3Js,
hg = 2J2J3 +2J} + 3J4J2 +3J2 Jyds + JiJg + 23 + J3Jo,
hg = Jg + 2J2JZJ8 + 3J2J82 + J22J4J10.

This curve has a singular point in every characteristic. This point is in X \ X if the
characteristic is three, corresponds to the curve with automorphism group SLq(F5) if
the characteristic is five, and, otherwise, corresponds to the curve with automorphism

03 X D4.

Parametrisation of the stratum

Regardless of the characteristic of the base field, the stratum W, p, is a rational curve, as
we can find a birational morphism P! — W, p, whose inverse is given by the map

W2D4 —> IEDI
[JQ : J4 . Jﬁ : Jg . J10] —> [J2(11J22 - 480J4) . 5J§ - 224J2J4 - 720J6]

which is defined outside of the singular point of W.p,.

Unlike in the general case, all the points W, p, over any field k correspond to genus
two curves defined over k. As a matter of fact, from the previous map that we described,
we can see that if P =[Jy:Jy: Jg: Jg : Jip] is a smooth point of Wsp,, a model for the
curve corresponding to this point is

s 5 3 ( 7.J3 - 288.J5J, + 2160.J )
Yy =x"+x + ) x.

4(3J3 = 160J2J4 — 3600.J

This expression generalises the one found by Cardona and Quer, in the sense that it is
valid in every characteristic that is not two [CQO07, Proposition 2.1].
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5.3.5 The stratum of curves with automorphism group D

Suppose a general genus two curve admits the automorphism of order three
BELa =t
T3: y
Y= s

Then, we can always write such a curve in the form y? + g(x)y = f(z) with

9(z) = gox® = (g1 + 3g0)x* + g1z + go,
f(x) = fox® = (fr +6f0)x® + (fo+ 5f1 + 15 fo)a" = (2fo + 51 + 10 fo)a® + fox® + frx + fo,

for some choice of values of {go, g1, fo, f1, f2}-

If the characteristic is three, W p, is given by V(hs, hs) c Xy where

h2 = J47
h5 = JQJS - Jl().

If the characteristic is five, W p, is given by V(hy, hs, hg) c Xy where

h4 = J2J6 + 4J8,
hg = 3J4‘]62 + 4J22J4<]8 + J82 + Jg’Jlo,
hg = ‘]63 + J4J6J8 + 3J2J82 + J22J4J10.

Otherwise, W p, is given by V(hs, hg) ¢ Xy where

hs = 2J2J5 — 453 Js — 200 Js — 37510,
he = —175J3 + 9J3 Js — 675J2 — 9J2J5 — 540J,Js.

This curve has a singular point with coordinates [20 : 30 : =20 : =325 : 64] in every char-
acteristic except three. This point is in X \ X if the characteristic is two, corresponds to
the curve with automorphism group SLy(F5) if the characteristic is five, and, otherwise,
corresponds to the curve with automorphism group GLy(F3).

Parametrisation of the stratum

As before, regardless of the characteristic of the base field, the stratum W, p, is a rational
curve, as we can find a birational morphism P! — WS ..
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The inverse is given by

WzDG —)]P)l
[J2:J4:J6:J8:J10]|—>[<]23:<]6]

in characteristic three, and

WzDG — Pl
[JQ . J4 : J6 . Jg : Jl[)] > [J2(3J22 - 40J4) . —J2J4 - 30J6]

otherwise. This map is defined outside of the singular point of W p,.

Similarly to the W p, stratum, all the points W p, over k correspond to genus two
curves defined over k. If the characteristic is not three, we can see that if P is a smooth
point of W, p, with coordinates [J5 : Jy : Jg = Jg : Jip], @ model for the curve corre-
sponding to this point is

3
v+ (23 + 1)y = -8 - 3J5 —133J5J4 — 2790 Js |
3(3J3 — 16051y — 3600J )

This expression generalises the one found by Cardona and Quer, as it is valid in every
characteristic that is not three [CQO07, Proposition 2.1].

Extending our base field to include a third root of unity w, we can find a model for
this curve as in the start of subsection 5.3.5 where the values for { fo, f1, f2, g0, 01} are
given by

12.J3 - 613.J5J, — 13590.J5

Jo= 81(3.J3 — 160.J3J; — 3600J5)
20((3+9w) 3 — (133 + 480w) JoJs — (2790 + 10800w) Jg)
Ji= 27(3J3 = 160.J3.J; — 3600.J5) ’
_5w(J3 — (480 + 133w) JoJy + (10800 + 2790w) J )
J2= 27(3.J2 - 160J5.J; — 3600.J¢) ’
90 =0,
g1 =1.

This model of the curve does not reduce well modulo three, but the Igusa invariants
define a point in M, that has good reduction at p = 3. The reduction of that point
modulo three corresponds to the following genus two curve:

1
3

v+ (-2 +2)y = —J—ﬁ(:v +1)8.
Ja
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5.3.6 The stratum of curves with automorphism group C3

Suppose that the automorphism group of a genus two curve in characteristic two con-
tains C’g’ . Then, by the work of Igusa, we can see that this curve must be of the form

?JQ + 9oy = f5$5 + f3l‘3

for some value of {go, f3, f5}-

The stratum W, 3 is given by V(Js, Js, J) c Xo, so it is parametrised to be the
points of the form [0 : 0 : 0 : Jg : Jig] € M. If we are working over a perfect field
k, the curve corresponding to the point [0 : 0: 0 : Jg : Jip] is also defined over k and
corresponds to setting the values of {go, f3, f5} to

1 1
90:J1807 f3:J887 f5:]-7

in the previous model.

5.4 The Ekedahl-Oort stratification

Let Jac(C) be the Jacobian variety of a genus two curve C defined over a field &, which
we assume to be perfect. We saw in subsection 1.3.3 the definition of the p-rank. Alter-
natively, we can define the p-rank in terms of the group scheme i, as

f(Jac(C)) = dimg, (Hom(p,, Jac(C))).

Analogously to the p-rank, the a-rank of Jac(C) is defined to be

a(Jac(C)) = dimy(Hom(cy,, Jac(C))).

Notethat0<a<2and0<a+ f <2.

In positive characteristic, it is well-known that the moduli space of principally po-
larised varieties can always be stratified by the p-rank of the abelian variety. This strat-
ification can be refined in many ways, such as intersecting these strata with the ones
corresponding to abelian varieties with a fixed a-rank, or by considering the stratifica-
tion in terms of the Newton polygon of the variety.

However, the information provided by all those strata is determined by an even finer
way of stratifying the moduli space in terms of an invariant known as the Ekedahl-
Oort type.
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The idea behind this invariant is that the p-torsion of an abelian variety is a sym-
metric truncated Barsotti-Tate group scheme of level one (577), and the Ekedahl-Oort
type classifies its isomorphism type as a BT} group scheme. This information is encoded
in combinatorial information corresponding to the possible filtrations of the Dieudonné
module associated to the p-torsion.

The theory behind these strata is incredibly rich, and gives rise to many fine strata
for abelian varieties of high dimension [vdG99].

However, in the case of abelian surfaces, we will not need to get into the details, as
there are only four Ekedahl-Oort strata, and they all correspond to the intersection of
strata with p-rank f and a-rank a, as shown by Pries [Pri08]:

Type f |l al|dim
(Z[pZ)*ep2 |20 3
Z/pZEB,up@ILl 1)1 2
I, 0]1] 1
(I11)? 012 0

Table 5.2: Types of Ekedahl-Oort strata for abelian surfaces.

Here, I, ; is defined to be the unique symmetric BT} group scheme of rank p?” with
p-rank 0 and a-number 1.

5.4.1 The Hasse-Witt matrix of a genus two curve

We will now see how to compute the p-rank and a-rank of the Jacobian of a genus two
curve C. Assume k is a perfect field of characteristic p > 0, let o : k — k be the Frobenius
automorphism and 7 be its inverse. Let H°(C, ;) be the space of regular 1-forms on
C, which is a two-dimensional k-vector space that admits the basis B = {dy—’”, %} The
Cartier operator is the semi-linear map C : H°(C,Q};) - HY(C,Q}) satisfying the
following properties:

1. C(wy +wz) =C(w1) +C(wa).
2. C(frw) = fC(w).
3. C(frtdf) = {gf ifn=p,

otherwise.

We can check that the Cartier operator is a 7-linear operator, whose associated ma-
trix in the basis B is what we know as the Cartier-Manin matrix M,;. Here, we work
under the convention that left multiplication by Mgy, calculates the effect of C in the
basis B [AH19].
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On the other hand, by Serre duality, the choice of B fixes a basis B’ for the dual space
H'(C,O¢). The action of Frobenius on H'(C,O¢) gives then rise to a o-linear operator,
whose associated matrix in the basis B’ is known as the Hasse-Witt matrix M yy,. The
way these two matrices are related is

Mpw = (Mgy)", Menr = (M)

In characteristic p > 3, there is an easy way to compute these two matrices. If we com-
plete the square to make C to be of the form y? = f(z), for some f(x) of degree either
five or six, and if we define the c; to be the constants satistying the relation

z ' = ()7,

we can check that the Hasse-Witt matrix My is given by

Cp-1 Cop-1
I P
Mpgw = ( .

Cp-2  Cop-2

The p-rank and a-rank of the Jacobian of a genus two curve can be easily computed
from the Hasse-Witt matrix by the following result:

| Proposition 5.4.1. [IKO86, Lemma 1.1] The Ekedahl-Oort type of Jac(C) is completely
determined by its Hasse-Witt matrix:

« (f,a) =(2,0) if and only if Mgy has rank two.

« (f,a)=(1,1) ifand only if Myw has rank one and Mgw Mg, # 0.
« (f,a)=1(0,1) ifand only if Myw # 0 and Myw Mg, = 0.

« (f,a)=1(0,2) if and only if My = 0.

For any 0 < f,a < 2, the sets
{X e Ay(F): f(X) < [}, {X € Ay(K) : a(X) 2 a},

a(a+1)
2

are closed subschemes of Ay of pure dimension f + 1 and 3 - l J respectively

[vdG99, Theorem 14.7]. As the Hasse-Witt matrix of Jac(C) can be determined from
the coefficients of C, we can also deduce that both

Ve ={C e My(k): f(Jac(C)) < f}, T.o = {C € My(k) : a(Jac(C)) > a},

form closed subschemes of Ms, as both the p-rank and the a-rank can be expressed as
the vanishing of polynomials involving the coefficients of My . From the fact that the
Torelli map from M, to A, is injective and dense, we deduce that dim(V<s) = f + 1 and

dim(7%,) =3 - | 42|
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5.4.2 Computing the Ekedahl-Oort strata

Using proposition 5.4.1, we propose an algorithm to compute the Ekedahl-Oort strata
and their intersections with the automorphism strata.

Assuming that the characteristic of the base field is not two, given any genus two
curve, we can always find a projective transformation that sends three of the Weierstrass
points to (0,0), (1,0) and oo and, as such, we can always transform any curve into one
of the form

C: y?=x(x-1)(asz® + ayr® + a17 + ap).

Note that if we replace all the a; by Aa; for some A € k£*, we obtain a curve that is also
isomorphic to C. Therefore, we can consider C as the point [ag : a1 : as : a3] inside
IP3. The discriminant of C is a degree ten polynomial in the variables a;, and outside of
the vanishing locus of this polynomial, each point of P2 corresponds to a point in M.
Therefore, we can define a rational map

¢: P —s X

by sending a point [ag : a1 : as : a3] to the Igusa invariants corresponding to the curve
defined by those coefficients. Let My, denote the Hasse-Witt matrix associated to C,
which has entries in k[ag, a1, az, az]. We define the following subvarieties of IP3:

X(l,l) = V(det(MHw)),
X = V(Maw Mgy ),
X(O,Q) = V(MHW)

By proposition 5.4.1, it is easy to check that ¢(X(q)) = Vey N T,

This is quite an inefficient way to compute curves in the supersingular strata, and
there are better algorithms in the literature for this purpose, such as the one developed
by Pieper [Pie22]. However, this algorithm can be used quite successfully to compute
the stratum V., = Vi nT%,.

Assuming we are not working in characteristic two, X = P(1,2,3,5). Then, using
this algorithm, we have proved that V; can be described inside P(1,2,3,5) as a reduced
and irreducible hypersurface of degree 1(p — 1), at least for all primes p < 71.

In the Magma file, we have also managed to compute the singularities of these sur-
faces and the intersections with the stratum W, ¢2. These computations have been very
useful for gathering evidence for the statements that are later proved in the following
section.
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Another consequence of these computations is the following result:
| Proposition 5.4.2. The stratum V., is rational if p < 19.

Proof.  Given a well-formed quasismooth hypersurface X, of weighted degree d inside
a weighted projective space whose highest weight is w, Esser proved that X is rational
whenever d < 2w [Ess24, Proposition 3.1]. In our case, given that d = 1(p-1) and w = 5,
we obtain that V., is rational when p < 21. I

The fact that the degree of V; grows linearly with p is a sign that there may be a
prime p, such that V; is not rational for every p > po. However, it is also true that V4
is related to the determinantal variety of a 2 x 2 matrix, which is a rational surface.

Therefore, we would be interested to know:

| Question 5.4.3. Is V., rational in characteristic p for all prime numbers?

5.5 The intersections of the strata

In the previous sections we have described the automorphism and the Ekedahl-Oort
strata. Now we will proceed to describe the intersections of these. Consider

W:G = {C € MQ(
V_(ta) = {C € Ma(

k) : Aut(C) = G},
k) : f(Jac(C)) = f and a(Jac(C)) = a}.

We can see that these are all strata of M/, because we can express them as

Wog=Wie~ U Wen,
H>G

Vo) = Ve nTo0) N (Vg1 0 Tog) U (Vep N To41))

where V._; = 1.3 = @. Furthermore, W_g5 = Wsq.

5.5.1 Dimensions of the intersections

We will now identify the empty strata V_; ,)nW_¢, and compute the dimension of those
which are non-empty. In all of the cases, the strata are equidimensional.

| Theorem 5.5.1. Let G be the automorphism group of a genus two curve over an alge-
braically closed field of characteristic p, and let f,a be two integers between zero and two.
Then, the dimensions of the strata V_(;,) N W_g, i.e. the loci in M, of genus two curves
with p-rank f, a-rank a and automorphism group G, are collected in the following tables
for each possible value of p.
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When p = 2,
Table 5.3: Dimensions of V_(f .y N W_g when p = 2.
When p = 3,
Table 5.4: Dimensions of V_(4 ) N W_g when p = 3.
When p =5,
3| 2 1 1
2 1
1
0
Table 5.5: Dimensions of V_(; .y N W_g when p = 5.
Whenp > 17,

Oiffp > 11

Table 5.6: Dimensions of V_(f .y N W_g when p > 7 (I).
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03 D D4 GLQ(]F3) C'10
Oiffp=1 (mod 6) | 0iffp=1,3 (mod 8) | Oiffp=1 (mod 5)

0iff p=2,3 (mod 5)
Oiff p=5 (mod 6) | 0iff p=5,7 (mod 8) | 0iff p=4 (mod 5)

| == O

OO =N

Table 5.7: Dimensions of V_ 4,y N W_g when p > 7 (I).

Proof.  The values for dim(V_(50) N W_¢;) where G € {C5, C3, Dy, Dg} follow from the

description of the dimensions of the automorphism strata in section 5.3.

Likewise, the values for dim(V_(s,,)nW-¢,) where (f,a) € {(2,0),(1,1),(0,1)} fol-
low from the description of the dimensions of the Ekedahl-Oort strata given in section
54.

The p-ranks of the zero-dimensional strata of subsection 5.3.1 were computed by
Ibukiyama, Katsura and Oort [IKO86].

Finally, the second and third rows of these tables boil down to the following result:

| Proposition 5.5.2. [IKO86, Propositions 1.3 and 1.10] Let C be a genus two curve with
Aut(C) > C3. Then, the p-rank of Jac(C) is either zero or two. Furthermore, if Jac(C) is
supersingular and Aut(C) > C3, then Jac(C) is superspecial.

The proof of this relies on the fact that, as we saw, if Aut(C) > C?3, then Jac(C) is
isogenous to the product of two elliptic curves. Moreover, if Aut(C) > C? one can easily
see that these two elliptic curves must be isogenous, and therefore they must have the

same p-rank, which implies that f(Jac(C)) # 1. As a consequence of this statement, we
deduce that V_1 1 n W_g = @ unless G = Cy or C%, and Vo1 N W_¢ = @ unless G = Cs.

Finally, we know that dim (V.11 N W_¢z) = 1, because dim(Var) = dim(W.¢z) = 2
and these two strata intersect transversely, as will become apparent in the proof of the-
orem 5.5.5. [l

From this table, we can draw conclusions that may be difficult to prove through other
methods. For instance,

| Corollary 5.5.3.  There are no Jacobians of genus two curves with p-rank one and an
automorphism of order greater than two.

5.5.2 Irreducible components of the intersections
A natural related question that may arise after theorem 5.5.1 is the following:

| Question 5.5.4. Are the intersections of these strata irreducible? If not, how many
different irreducible components does the Zariski closure have?
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The answer is given by the following theorem:

| Theorem 5.5.5. Ifp <5, the Zariski closure of the non-empty strata V_(; .y N W_¢ are
all irreducible.

If p > 7 the number of irreducible components of V_(s.,) N W_q are the following:

Cy 022 Dy Dsg
210 1 1 1 1
11 1 n(1,1),c2
01 n(071)702
0121 no2),0 | n02),c2 | 702,04 | 7(0,2),D6

Table 5.8: Number of irreducible components of V_(; .y n W_g when p > 7 ().

Cg Do D4 GLQ(F;}) C’10
liffp=1 (mod 6) | 1iffp=1,3 (mod 8) | liffp=1 (mod 5)

1iffp=2,3 (mod 5)
liff p=5 (mod 6) | 1iff p=5,7 (mod 8) | 1iffp=4 (mod 5)

OO~ N
N =] =] O

Table 5.9: Number of irreducible components of V_(s ) N W_g when p > 7 (II).

The values of n(,4) ¢ in the table 5.8 are

T W ) B ),

tanc; = T Ty )

po1 0 (1-(3) se-0(+(3)) eu(-(3) e-n(+(3)
2880 64 i 192 * ™ + %

+(§ ifv=2,3 (m0d5))+(% iffp=3,5 (mod8))+(% iffp=5 (m0d12)),

(0,1),C2 =

_(= (=2 e
n(0)2),Cz:(p_l)(p;8_8§5p+346)_1 3(217)_1 E(;p)—l g“’)—(%iﬁpzzl (mod5))7
g - 200710 16 126) 12()

S e Sl € B (f) -(3)
(0,2),Dy4 = 3 R : 2 |
S L b,
(0,2),D¢ 5 5 ! ,

where (%) is the Legendre symbol.
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Proof.  We have seen in section 5.3 that if G = Cy, C2, D, or D, Voe,0) N Wi = Wag
are all irreducible.

We know that V_(; 1) n W_¢, = T}, is irreducible as a consequence of the work of van
der Geer, who proved that 7%, c A, isirreducible whenever a < g [vdG99, Theorem 2.11].

The fact that the supersingular locus of A, is not irreducible when p > 13 is due to
Katsura and Oort, who proved that the number of irreducible components 7 1), is
H,(1,p), the class number of the non-principal genus [KO87]. The closed formula for
Hs(1,p) has been computed by Hashimoto and Ibukiyama [HI80].

The values of all the zero-dimensional components (the last row and the last three
columns) are again work of Ibukiyama, Katsura and Oort [IKO86, Propositions 1.11-1.13
and Theorem 3.3].

Our main contribution to this table is computing the value of n(; 1) c2. ]

| Proposition 5.5.6. The stratum Wiz 0V is the union of n rational curves, where n
is the number of supersingular elliptic curves in characteristic p, which isn =1 if p <7 and

e 1-(3) ()

12 4 3

otherwise.

Proof. When p = 2, we can use the results in section 5.4 to show that V; = V(Js, Jy),
and by computing the intersection with W, ¢z, we get

Wz nVa = Wigs = Vag = V(Jz, Ju, Jg),
which is irreducible.

If p # 2, from the description in subsection 5.3.3, we saw that there was a morphism
T Ma/Cy — >0z which was an isomorphism when restricted to the open subset
Ws.cz N\ Wp,. We also proved that there was an isomorphism ® between M /C5 and
M/ Cs, which is the quotient of

M = ((X(2) x X(2)) N A)/S3

by the action of C; that swaps around the copies of X (2). Furthermore, we saw in
section 5.3.3 that if ®((C,0)) = {(E1,¢1), (E2, ¢2)}, Jac(C) is isogenous to E; x Es.
Therefore, C € W,z n Ve if and only if f(E) x Ep) < 1. As f(Ey x Ep) = f(E1) + f(E),
we deduce that this happens if and only if at least one of F; or Fs is supersingular.
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Let Ej be a supersingular elliptic curve, and ¢, a level 2 structure on Fj. Consider
the following subvariety

Eox X(2) = {{(E0, ), (E, )} for some (E, ¢) € X(2) with (E,¢) # (Ep, ¢0)} ¢ Men/Ch.

Note that the subscheme Ejy x X (2) does not depend on the choice of the level 2
structure ¢y. This is because, as we have seen, if ¢y and ¢, are two structures on Fj,
there exists a 7 € Aut((Z/2Z)?) such that ¢ = ¢, o 7. But then, we have that for any

(E,9) e X(2),
{(Eo,90). (E, )} = {(Eo, do), (E,po1")}

in M.y/C5. We know that Ey x X (2) is irreducible, as it is the image under the quotient
map of a variety isomorphic to X (2), which is irreducible.

Let Cg, := P (Eyx X (2)) ¢ M/C5. From the fact that ® is an isomorphism and that
any pair of elliptic curves where at least one of them is supersingular lies inside a copy of
Eyx X (2) for some Ey, we deduce that any pair (C, o) with C € W, 20V must lie inside
a C', for some supersingular . From the fact that the morphism 7 : M, /Cy — WzC%
is finite and surjective, we deduce that 7(Cp, ) is also an irreducible curve, and that

WZC% N Vgl = U W(CEO)

Ey supersingular

Hence, the number of irreducible components of W, c2nV%, is the same as the number
of supersingular elliptic curves in characteristic p. This quantity was computed by Igusa
[Igu58]. ]



6 | Generalised Kummer surfaces of Jacobians
of genus two curves

6.1 Introduction

In chapter 3, we saw many examples of generalised Kummer surfaces defined as quo-
tients of products of elliptic curves. However, as we saw in the previous chapter, most
abelian surfaces arise as Jacobians of genus two curves, so we would also like to study
generalised Kummer surfaces in this set-up.

There are significant challenges associated with working with Jacobians of genus
two curves C, as we discussed in chapter 4. The first is that embedding Jacobians into
projective space requires working with many equations in a high-dimensional ambient
space. The second is that, while computing the group law on a product of elliptic curves
is straightforward, doing so on Jac(C) is substantially more difficult. This makes it hard
to explicitly describe subgroups G« End”(Jac(C)) and therefore to compute the quo-
tient of Jac(C) /G.

The first challenge can be overcome by working with an alternative embedding of the
Jacobian which, rather than lying in P'5, lies in the weighted projective space P(14,26),
as we will see in section 6.3.

To address the second challenge, we will only be studying quotients by automor-
phisms of Jac(C) that preserve the polarisation. As mentioned in the previous chapter,
these are in correspondence with the automorphisms of C, and from section 5.3, we have
a classification of all such automorphisms.

Combining these two approaches, we will produce new explicit examples of gener-
alised Kummer surfaces. Unlike in section 3.2, where the quotients were constructed by
computing invariants through intricate methods, in this chapter, we will adopt a more
systematic approach. We will make use of the fact that Jac(C) comes equipped with the
ample line bundle ©, +©_ and apply the theory of linearisations developed in subsection
1.5.5.
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6.2 Polarised and symplectic automorphisms

Let A be an abelian surface and let GG be a finite group acting on A via group homomor-
phisms, so that G - End(A)*.

| Definition 6.2.1. We say that an automorphism g € G of a principally polarised
abelian surface A preserves the polarisation )\ 4 if g*\s = 4.

In the case where A = E; x F5 with the product polarisation, it is easy to see that
g preserves the polarisation if and only if it acts independently on F; and F, without
mixing the factors. For example, the action ¢ defined in subsection 3.2.1 preserves the
polarisation, whereas the actions of 73, 74, and 74 in subsections 3.2.2, 3.2.3, and 3.2.4,
respectively, do not.

For Jacobians of genus two curves, the group of automorphisms of Jac(C) preserving
the polarisation is isomorphic to the automorphism group of C. This follows from the
injectivity of the Torelli map. More precisely, we have the following general result:

| Theorem 6.2.2 ([Mil86, Theorem 12.1]). LetC and C’ be smooth curves over an alge-
braically closed field k, and let ¢ : C — Jac(C) and ¢’ : C' - Jac(C') be the embeddings
into their respective Jacobians. Let (3 : (Jac(C),\) — (Jac(C'), ') be an isomorphism of
principally polarised abelian varieties. Then,

1. There exists an isomorphism o:C — C' such that
¢'oa=xfotp

where tp denotes translation by some P € Jac(C") (k).
2. Assume that C has genus > 2. If C is non-hyperelliptic, then the map «, the sign =,
and the point P are uniquely determined by [3, ¢, and ¢'. If C is hyperelliptic, the

sign can be chosen arbitrarily; then o and P are uniquely determined.

Whenever we have an automorphism « : C — C, an embedding ¢ of C into its Jaco-
bian gives us an automorphism 3 of (Jac(C), A). What this theorem tells us is the other
direction, which is that given a /3 that fixes O € Jac(C) (so that tp = id), if our curve is
hyperelliptic, there is a unique automorphism « of C such that ¢ o a = 3. If our curve is
not hyperelliptic, then f is either ¢ o & or —¢ o o for some automorphism « of C.

As we saw in chapter 2, one of the conditions required for the quotient Jac(C) /G
to be a K3 surface is that G acts symplectically on Jac(C), meaning that for all g € G,

g*wJac(C) = WJac(C) -

Let C be a genus two curve of the form y?+g(x)y = f(x) over an algebraically closed
field k. Then a basis of global differentials is given by (w1, ws) ¢ HY(C,Q'), where

dx xdx

W= ——, W= ——-—.
2y + g(x) 2y +g(x)
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A basis for H°(Jac(C),2?) is then given by w; A ws.

Given an element g of order n acting on Jac(C), we have that g*wj,c(c) must be equal
to G Wiac(c) for some m-th root of unity ¢, such that m | n. If we define the character

X20:  Aut(Jac(C)) — k*
g*wJac(C)

Wiac(C)

it is clear from the definition that g acts symplectically if and only if x20(g) = 1.

6.2.1 Symplectic automorphisms of Jacobians of genus two
curves

In the previous chapter, we described all possible automorphisms of a genus two curve
C. Let Auts(Jac(C)) denote the group of (geometric) symplectic automorphisms of the
Jacobian of C that also preserve the polarisation.

Our goal in this section is to determine the possible values of Auts(Jac(C)). To
achieve this, we will proceed as follows:

Let G = Aut(C), which, via the Torelli theorem, embeds into Aut(Jac(C)) as the
group of automorphisms preserving the polarisation. For each ¢ that is a generator of
G, we will compute x20(g) by studying how ¢ acts on the space of global 2-forms of
Jac(C), which is generated by w; A wo.

Then, the group of symplectic automorphisms is precisely the kernel of this charac-

ter: Aut,(Jac(C)) = ker(x2,)-

« If Aut(C) = Cy, its only automorphism is the hyperelliptic involution ¢j,, which
one can easily check is always symplectic, so Aut,(Jac(C)) = Cb.

« If Aut(C) = C2, we saw in the previous section that we can always write C as
C: y*+ (qa(z+1) +go)y = fsx’(x +1)° + (fo - f)2*(x + 1)* + fiz(z + 1) + fo

for some choice of coefficients go, g1, fo, f1, f2, f3 € k, and Aut(C) = (i1, o) where
o is the non-hyperelliptic involution:

T -x-1,
g.
yry.
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Then,

d(-z-1) ~
2+ (e +1)+g0)

wi . (cz-Dd(-x-1)
Wi, 07 () = 2y + (qre(z +1) + go) ST

0" (wr) =

o* (w1 Awy) = ((—w1) AM(wy +ws)) = —wy Aws,

and, therefore, y2(c) = —1. As a consequence, Auty(Jac(C)) = ker(xa0) is Cy
if the characteristic of the base field is not two, and 022 if the characteristic of the
base field is two.

If Aut(C) = Dy, we can always write C as
C: =2+ +1tx

for some t € k ~ {0,1}, and Aut(C) = (72,74 | 72, 74, (7274)?), where

t
in %’ T ==,
To: 4 Ty:
*/t3y .
Yy p- ol Yy =y.

Then, x2,0(72) = -1 and x20(74) = 1 and, therefore, Auts(Jac(C)) = Cj.

If Aut(C) = C}o, then up to isomorphism, in characteristics not two or five, C is
C: y+y=2°

and the generator of its automorphism group is

{CE"—><5ZE,
T10°
y-y-1

We can check that x2,0(710) = (3, so Auts(Jac(C)) = C.
If Aut(C) = Dg, when the characteristic is not three, we can always write C as
C: P+ (2®+1)y=-a5-¢

for some t € k~ {3,1}, and Aut(C) = (7,76 | 72,78, (T276)?), Where

103
3
v YL = Gy,
7—2: q 7—6:
2V/12t-3 y+(3+V/12t-3) 23 +4t-1+/12t-3 3
Y — o , yr —y—x°-1.

Note that if the characteristic is two, there is an alternate expression for 7.
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When the characteristic is three, we can write C as
C: y*+(-2*+a)y=t(z+1)°

for some t € k\ {0}, and

ze 1 T
T2 y Te: —y+al-z
Yr =3, Y= s -
Regardless of the characteristic, one can check that x20(72) = -1 and x2,(76) = 1
so Auts(Jac(C)) = Cé.

If Aut(C) = C5 x Dy, then up to isomorphism, in characteristics not two, three or
five, C is

C: y?=a%+1

and Aut(C) = (tn, 72,76 | 13,735,785, [tn, T2, [T2, 6], tnTetnTg °T2) where

=z, lev xHCG'Ia
Ly To: “; Te:
ye= -y, Y= 3 yey.
We can check that x2,0(¢,) = 1 and x20(72) = x2,0(76) = —1. Therefore, x2 takes
values on {+1} and Auts(Jac(C)) is a normal subgroup of C3 x Dy of index 2.

There are three possibilities: Dg, Cy x Cg and C's x Cy 2 (12, but based on the fact
that 7576 € Auts(Jac(C)) has order four, this shows that Aut,(Jac(C)) = Q12.

If Aut(C) = GLy(F3), then up to isomorphism, in characteristics not two or five,
Cis

C: y?=a"-z

and Aut(C) = (73,03, T2) where

I ) -
T3 (2i+2)y e (2i-2)y 72! (2¢3-2Cs)y
Y= Gy Y= Gy A

and the isomorphism between Aut(C) and GLy(FF3) can be given by

N (1o (1o
B0 1) 731 1) 2 0o 1)

We can check that x20(73) = x20(03) = 1 and x20(72) = —1. Following the same
argument as in the previous case, Auts(Jac(C)) must be a normal subgroup of

GLy(FF3) of index 2, and therefore, one can check that Auts(Jac(C)) = SLy(F3).
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« If Aut(C) = C3, as this can only happen in characteristic two and all elements
have order two, Autg(Jac(C)) = C3 as well.

« If Aut(C) = C5 2 C5, up to isomorphism, C is the curve in characteristic two
C: yPry=2°

Let a € F1g and let b and b + 1 be the two roots of the equation b2 + b + a® = 0. We
then have the following automorphisms:

r e, Jr ez +ta, x> (s,
Lyt %,b- T5-

yr—y-1, y > y+adx? +as +0b, Y.
As 1, and ¢, 5 are both involutions, and

h@ap = Paplh = Dapsl, GapPar by = Gar by Pah = Pasva bt s

we deduce that ¢, and the automorphisms of the form ¢, ; generate a subgroup
isomorphic to C3. It is then easy to see that the group C5 generated by 75 acts on
C3 by conjugation as 755,75 " = ¢, and T50a 751 = Gesasp-

Because we are in characteristic two, x2,0(¢n) = X2,0(Pap) = 1. As x20(75) = (2,

we deduce that Aut,(Jac(C)) = C5.

« If Aut(C) = SLy(F5), up to isomorphism, C is the curve in characteristic five

C: y=2"-x
and Aut(C) = (5, 05) where
T T+, x> =L
s ” 05t %fz
y=y. Y= a3

An isomorphism between Aut(C) and SLy(F5) can be given by

N (1o
50 1) 75N\ 1)

As we are in characteristic five, x20(75) = x2,0(05) = 1 and, therefore, we deduce

that Aut,(Jac(C)) = SLa(F).
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As a consequence of these computations, we have the following result:

| Proposition 6.2.3. Let Aut,(Jac(C)) denote the group of (geometric) automorphisms
of the Jacobian of a genus two curve that are symplectic. Then, depending on the charac-
teristic of the base field k over which C is defined, we have the following possibilities:

o Ifchar(k) = 2, then Auts(Jac(C)) is one of the groups Co, C3, Dg, or C5.

« Ifchar(k) = 3, then Aut,(Jac(C)) is one of the groups Cs, Cy, Cg, or SLy(F3).

o Ifchar(k) =5, then Auts(Jac(C)) is one of the groups Cs, Cy, Cg, or SLo(F5).

o Ifchar(k) > 7 or char(k) = 0, then Aut,(Jac(C)) is one of the groups Cs, Cy, Cs,
ng, or SLQ(F3)

From this proposition we deduce that, assuming char(k) + |G|, the only possibilities
for subgroups G < Auts(Jac(C)) are Cy, Cy, Cg, Q12, or SLa(F3). Therefore, we obtain
the following:

| Corollary 6.2.4. Let G < Aut,(Jac(C)) be a subgroup such that the characteristic, p,
does not divide |G|. Then G is either Cy, C3, Cy, Cg, Qs, Q12 or SLo(FF3).

We will see that, when p + |G/, the action of G on Jac(C) is always rigid and the
singularities of the quotient are rational double points. As for the cases where p | |G|,
computing models for Kumg/(Jac(C)) is still work in progress. We will briefly comment
on this in section 6.5.

The list of possible groups in corollary 6.2.4 has an interesting feature: except for Cj,
all of the groups are of even order, and in all these cases the subgroup (¢;,) is normal in
G. This implies that if G' # (5, the quotient map

Jac(C) - Kumg(Jac(C))
factors through the classical Kummer surface Kum(Jac(C)), and the induced map
Kum(Jac(C)) - Kumg(Jac(C))

is the quotient of Kum(Jac(C)) by the residual action of the group H = G/(¢1,).

6.3 Computing an embedding for the quotient by the
action of C;

Recall from section 4.2 that there is a divisor ©, + ©_ on Jac(C) such that the linear
systems |©, + ©_| and |2(O, + ©_)| define embeddings of Kum(Jac(C)) and Jac(C),
respectively, into projective space. Assume for the moment that the characteristic of
the base field is not two. In that case, recall that if we denote by {k1, ..., ks} a basis of
L(O, +06_) and by {by,...,bs} a basis for the odd functions in £(2(©, + ©_)), then a
basis of £L(2(0, + ©_)) is given by {k?, k1ko, ..., k3 b1,... b}
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Given a curve C with an action by C5, we can compute the induced action on Jac(C)
by studying its action on £(2(©, + ©_)). We can then compute the invariant functions
under this action to construct the quotient. However, this is not a very practical ap-
proach, as it results in a model of the quotient embedded in a high-dimensional ambient
space.

To bypass this difficulty, we instead compute an alternative embedding of the Jaco-
bian into weighted projective space. This embedding arises from the fact that ©, + ©_
is ample, and therefore

Jac(C) = Proj (@)E(n((&r + @_))) :

As Mumford proved that /(n(©, + ©_)) = 4n?, the Hilbert series associated to this
divisor is
L+t+T7t2-1¢3

HSe 10 (t) = TEE

S1+ Y dnn,
n=1

We will now give an explicit description of this embedding.

| Proposition 6.3.1.  The Jacobian of any genus two curve admits a projective embedding
inside P(14,20) as the intersection of 8 cubics and 22 quartics.

Proof.  As previously noted, we have a map ¢pe,+6.) : Jac(C) < P'°. From the de-
composition of the basis of £L(2(©, + ©_)) discussed in section 4.2, we deduce that this
map factors as

Jac(C) -2 P(14,20) - P13,

where ¢ is given by the projectivisation of the elements {kq,...,k4,b1,...,b6}, and ¥
is the map constructed by considering all degree two polynomials in P(14,26). We now
examine the image of ¢. According to the description by Flynn [Fly90], the space of 72
quadrics defining the Jacobian in P!> decomposes into:

+ A 20-dimensional subspace formed by the quadrics arising from the Veronese em-
bedding associated to the degree-two Veronese map P(14) — P(210).

+ A 30-dimensional subspace coming from the 8 relations that exist among the b;%;
with 1 <7 <6, 1 < j <4. Multiplying each of these relations by %1, ..., k, yields
32 relations among the b;k;k,, of which 2 are linearly dependent.

+ A 22-dimensional subspace of quadrics, where one comes from the quartic defining
the Kummer surface in P3, and the remaining 21 express all monomials of the form
b;b; in terms of quartic polynomials in the ;.

Therefore, the pullback of the Jacobian through 1) gives a variety X3s 422 € P(14,26)
defined by 8 cubics and 22 quartics. Using these equations, we can compute the Hilbert
series of this variety in Magma and verify that HSe,.e_(t) = HSx,, ,,,(t). Since there
is a closed immersion X3s 422 = Proj (@,50 L(n(O, + ©_))) and the two Hilbert series
agree, this map is an isomorphism. [



136 k3 QUOTIENTS OF ABELIAN SURFACES IN POSITIVE CHARACTERISTIC

| Remark 6.3.2. In characteristic two, a similar argument to the proof of proposition 6.3.1
using the coordinates {vy,...,vg} from section 4.4.3, instead of {by,...,bs}, also yields a
model of the Jacobian as a subvariety Xss 422 € P(14,26).

6.3.1 The quotient by (5

Let C be a genus two curve with Aut(C) = Dg that admits an action of the subgroup Cj
generated by the automorphism 73 = 72, as described in subsection 6.2.1, and let Jac(C)
be its Jacobian. We saw that the action of 73 on C induces a symplectic action 73 on
Jac(C). We consider a linearisation of the line bundle Oj,c(cy(1) so that the action of Cs
lifts to a linear action on £L(n (0O, + ©_)) for all n. To construct such a linearisation, we
verify that 73 acts linearly on the basis {k1,...,kq,b1,...,06} of @50 L(N(O, + O_)):

Tar (ku, ko, ks, ka) — (b1, Gaka, Gk, Gaka),
(b17b27b3vb47b57b6) — (C§b17b27<3b3vg§b47b5’C3b6)a

where (3 is a primitive third root of unity.

By twisting the linearisation on Oy,c(cy(1) by the three distinct characters of C3, we
obtain three different linearisations.

In the linearisation twisted by the character (2, the ring of invariants is generated
by two invariants of degree 1, three invariants of degree 2, and four invariants of de-
gree 3. Therefore, the quotient admits an embedding as a codimension 6 subvariety of
IP(12,23,3%). The Hilbert series of this embedding is

(L+8)(1—t+42 -3 +t%)
(1-)?(1-#%)

HS(t) =

According to the graded ring database, this Hilbert series corresponds to the family of
K3 surfaces with label 11468 [ABR02, Bro07].

If we instead choose either of the other two linearisations, the ring of invariants is
generated by one invariant of degree 1, four of degree 2, and four of degree 3. Hence,
the quotient admits an embedding as a codimension 11 subvariety of P(1,24,3%). The
Hilbert series of this embedding is

(1+1¢)(1 -2t +6t2 - 2t3 + 1)

HS(t) = (0201 =) :

which corresponds to the family of K3 surfaces with label 8049 in the graded ring database
[ABR02, Bro07].

Regardless of the choice of linearisation, one can verify that the singular locus of
Kumg, (Jac(C)) consists of nine singularities of type As. One is O and the others arise
as the images under the quotient map of the fixed points of Jac(C) under the C3-action.
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These elements are divisors of the form (P) + (Q) — K¢, where P and () are fixed points
of the automorphism
Tg: {.’L‘ e Cgl',

yry
on C, therefore, P, € {0,,0_, 00, c0o_}, where

0, = (0, L-1+V1-40), 0= (0, L(-1-V1 —4t)>.

These points form a subgroup isomorphic to (Z/37)? < Jac(C)[3].

6.4 Computing embeddings for the quotients by the
actions of groups of even order

As previously mentioned, whenever G = Aut,(Jac(C)) and G # Cs, (¢,) 4 G and, there-
fore, the map Jac(C) — Kumg(Jac(C)) factors through Kum(Jac(C)), where the map
Kum(Jac(C)) - Kumg(Jac(C)) is the quotient by the induced action of H = G/C5 on
Kum(Jac(C)).

6.4.1 The quotient by C,

Let C be a curve with Aut(C) = Dy, which admits an action of the subgroup C generated
by the symplectic automorphism 7. In this case, G/(¢,) = Cy and the induced action of
74 on Kum(Jac(C)) is given by the automorphism of order two

Tilkum: Kum(Jac(C)) — Kum(Jac(C))
[k’l . ]{12 . kg . k’4] —> [kl . —k'g . k’3 : —k4]

In subsection 1.5.5, we explained how to construct a linearisation on Oxum(Jac(c))(1)
associated to this map. We can construct a different linearisation by twisting it by the
character —1. Either way, computing the invariant functions with respect to either of
these linearisations, we can show that

Kumg, (Jac(C)) = Kum(Jac(C))/{T4|kum)

admits a model as the complete intersection of a quartic and a sextic X, ¢ inside of
P(12,23).

This surface has four A3 singularities and six A; singularities. As we have seen, these
correspond to the image of points in Jac(C)[2]. Recall that the non-trivial elements in
Jac(C)[2] are always of the form (P) + (Q) — K¢ where P # () are Weierstrass points of
C. The Weierstrass points of C are {(0,0), o0, («,0), (-, 0),(5,0), (-3,0)} where +a
and +/3 are the roots of 2% + 22 + .
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The Aj singularities correspond to the subgroup (Z/27)? < Jac(C)[2] whose non-
trivial elements are

Dy = ((0,0)) + (o) - Ke,
D, = ((CY,O)) + ((—(1/,0)) - Ke,
D5 =((8,0)) + ((-5,0)) - Ke.

The other six singularities correspond to the other twelve 2-torsion points, which are
identified 2-to-1 in the quotient.

6.4.2 The quotient by Cj

Let C be a curve with Aut(C) = Dg, which admits an action of the subgroup Cg generated
by the symplectic automorphism 7¢. Then, G/(1,) = C3 and the induced action of 75 on
Kum(Jac(C)) is given by the automorphism of order three

To|lkum: Kum(Jac(C)) — Kum(Jac(C))
[ky kot ks:ky] — [§32k:1 kot (3ks t ky]

There are three possible linearisations on Ok ym (Jac(c)) (1), corresponding to the three
characters of (5.

Computing the invariant functions with respect to the standard linearisation, we can
check that
Kume, (Jac(C)) = Kum(Jac(C))/{76|kum)

admits a model as the complete intersection of a quartic and a sextic X, ¢ inside of
P(12,2,32).

If we compute the quotient with respect to the other two twisted linearisations, the
models that we obtain are varieties of codimension five inside of P(1,22, 3%) (label 5705
in the graded ring database).

The surface Kumg,(Jac(C)) has one Ajs, four A, and five A; singularities. The
Aj singularity corresponds to the image of the identity in Jac(C), the A, singularities
correspond to the points that we described in section 6.3.1, which reduce 2-to-1 in the
quotient, and the A; singularities correspond to the image of points in Jac(C)[2], which
are contracted 3-to-1 in the quotient.

6.4.3 The quotient by (1,

If C is the curve with Aut(Jac(C)) = C5 x Dy, Auts(Jac(C)) = Q12 and the non-proper
subgroups of Aut,(Jac(C)) are Cy, Cs,C, and Cg, which all give rise of examples of
generalised Kummer surfaces that we have already seen.
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When G = @12, then G/(t,) = S3. The elements in Aut(Jac(C)) that generate this
group are the ones corresponding to the automorphisms 7576, 72 € Aut(C), which have
orders four and three. The induced actions on Kum(Jac(C)) are given by the automor-
phisms

(7276)|Kum:  Kum(Jac(C)) — Kum(Jac(C))
[k k2 kg ky] v [Caka : =kt GFhy + oy

Tolkum: Kum(Jac(C)) — Kum(Jac(C))
[k ks kg ky] v [GRa t kg Gakig + ey

which have orders two and three, respectively. As before, depending on the choice of lin-
earisation, there are multiple models for the quotient surface. We will only describe the
model for the standard linearisation on Oxym(jac(c))(1), which induces an embedding
of

Kumg,, (Jac(C)) = Kum(Jac(C))/{(7276) kum: 76 |i<um)

inside IP(1,22,3,4) as the intersection X, g of two hypersurfaces of degrees four and

eight.

The surface Kumg,,,(Jac(C)) has one Dy, three As, two Ay and one A, singularity.
The Dj singularity is the image of the identity in Jac(C). The three A3 are the images of
the nine non-trivial points in Jac(C)[2] that are fixed by the actions of any of the three
subgroups of order four: (7275), (7273) and (727 ). The two A, singularities correspond
to the images of the points

Dlz((o,l))+(00+)—Kc, D2=2(OO+)—K6,

which generate a subgroup (Z/37)? < Jac(C)[3] whose non-trivial elements map 4-to-1
into the A, singularities. The A; singularity corresponds to the image of any of the six
other points of Jac(C)[2], which reduce 6-to-1 on the quotient.

6.4.4 The quotient by Qs

The curve C with Aut(C) = GLy(IF3) satisfies that Aut(Jac(C)) = SLy(F3) and the non-
proper subgroups of Aut,(Jac(C)) are Cy, C3, Cy, Cg and Qs.

When G = Qs, then G/(1;) = C%. The elements in Aut(Jac(C)) that generate this
group are the ones corresponding to the automorphisms o373, 730573 € Aut(C) of order
four:

X = —-x, _1 JIH—%,
0373- 7'30'3 T3: Y
Yy

y it
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They induce the involutions on Kum(Jac(C)):

(0373) [kum:  Kum(Jac(C)) — Kum(Jac(C))
[ky:ko kg :ky]—> [ky:—ko:ks:—ky]

(1303 73) [kum:  Kum(Jac(C)) — Kum(Jac(C))
[k12k21k31k4]'—>[]€33—/€21/€13]€4]

Computing the invariant functions with respect to the standard linearisation on Okym(Jac(c)) (1),
we can show that

Kumg, (Jac(C)) = Kum(Jac(C))/{(o373)|kum, (7305 73) [ium )

admits a model as the complete intersection of a quartic and a sextic X, ¢ c P(1,23,3).

This surface has four D, and three A, singularities. The D, singularities correspond
to the images under the quotient map of the origin and the following three elements of

Jac(C)[2]:

Dy = ((0,0)) + (o0) - K,
D2 = ((170)) + ((_170)) —Kc,
D3 = ((270)) + ((_3’0)) - Ke.

The other twelve points of Jac(C)[2] reduce 4-to-1 into the three A, singularities.

6.4.5 The quotient by SLy(F3)

When G = SLy(F3), then G/(i,) = Ay. The elements 73,03 € Aut(C) induce the auto-
morphisms of Kum(C).

73lkum:  Kum(Jac(C)) — Kum(Jac(C))
(ko kot kg ka] — [5(ky + ko + k) s =y + ks s 2(=ky + ko — k3) : Ka |

o3lkum:  Kum(Jac(C)) — Kum(Jac(C))
[k kot kgt ka) — [ (iky — ko —iks) s i(ky + k3) = 3 (iky + ko — iks) : Ka |

Computing the invariant functions with respect to the linearisation on Okym(jac(c)) (1),
we can check that

Kumgr,, g,y (Jac(C)) = Kum(Jac(C))/{7s|kum: 03|Kum)

admits a model as the intersection X} ;5 of two hypersurfaces of degree four and twelve
inside P(1,2,3,4,6).
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Kumgy,, (r,) has one Eg, one Dy, four Ay and one A, singularity. The Eg singularity
is the image of the identity in Jac(C), and the D, correspond to the image of any of
the divisors D; € Jac(C) that we saw in subsection 6.4.4, which contract 3-to-1 in the
quotient. The A; singularity corresponds to the rest of the points in Jac(C)[2], which
contract 12-to-1 in the quotient.

As for the four A singularities, up to conjugacy, there are four copies of (5 inside of
SLo(F3): (13), (03), (1303751} and (7510373). Each of these copies of C fixes a different
subgroup (Z/37)? < Jac(C)[3] and no non-trivial elements of Jac(C)[3] are fixed than
more than one copy. Therefore there are precisely 32 non-trivial elements of Jac(C)[3]
fixed by a copy of Cs. These reduce 8-to-1 to the four A, singularities in the quotient.

6.5 The cases where p | |G]

If p divides the order of GG, then combining propositions 2.2.10 and 6.2.3, we see that the
possible subgroups G for which Jac(C) /G may be a K3 surface are as follows:

o If p =2, then GG can be either C5 or C.
« If p = 3, then G can be Cj, Cg, or SLy(IF3).
« If p = 5, then the only possible G is C5.

If p = 2, the case where G = (1) has already been studied in chapter 4. If G is
generated by any other involution 7, then the action is not rigid. This is because the
subvariety

W ={DeJac(C): D=(P)+(c(P))- K¢, where Pe(C}
is one-dimensional and all points in ¥ are fixed by o.

Hence, by applying theorem 5.5.1 to determine the possible p-ranks of the families
of curves with automorphism groups Dy, Dg, GL2(F3), and SLy(FF5), we conclude that
the only cases left to study correspond to the following quotients:

« The action of Cj in characteristic two when Jac(C) is ordinary.

« The action of (5 in characteristic three when Jac(C) is ordinary.

« The action of Cj in characteristic three when Jac(C) is ordinary.

« The action of SLy(F3) in characteristic three when Jac(C) is ordinary.
« The action of C5 in characteristic five when Jac(C) is supersingular.

It is expected that, except for the last case, all quotients should give rise to gen-
eralised Kummer surfaces, and their singular models should have the configuration of
singularities that we saw in table 2.3.
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Appendix

Supplementary equations

Basis of £L(O, + ©_) in characteristic two

k=1, ko =1 + 29,

fos = 2125 oy = S(x1,72) +y29(1) + 119(72)
7 (.’,Ul +.’E2)2

)

S(u,v) = fo+ fi(u+v) + fauv(u+v)*+ fsu*v?(u+0v)>

A.1.2 Reduction of the odd elements of L(O, + ©_) in characteristic two

by = g(@1) +g(x2) :

T+ X9

b, = 229(x1) + 219(22)

2 T1+ To ’

5. - 1ag(@) +aig(ws)

3 1+ Xy ’
by = Y29(x1) + y19(z2)

4 T+ X9 ’
o= (g1t go(21 + @) + g31122) (o9 (21) +919(22)) | T, 22)
b (21 +15)2 T1+To

b = 93(9093 + 9%(301 + 1’2) + g2g3x1x2)(ygg(x1) + y19($2)) N ggQ,R(lUb@)
6 (21 +12)? Ty + Ty



Here T'(u,v) and R(u,v) are the following bivariate polynomials:

T(u,v) = figr + (fsgr + frgs)uv + (fsgr + fsg3)uv* + fogsu®v® + (fsgo + frg2) (u+0)
+ gogagauv(u+v) + (f592 + g393)u”v?* (u +v) + figs(u+v)> + (fs91 + g19293)uv(u + v)*
+(f590 + 909293) (u + U)B,
R(u,v) = figo + (fsg90 + frg2)uv + (f590 + f392)u21)2 + f592U3@3 +(fig1 + 9392)(u +v)
+ (gogg + gogrgs)uv(u +v) + (fs91 + fags + 919293)U202(U +0) + fi1ga(u + U)2
+ (fs90 + 9193 + gogags)uv(u +v)? + (f1gs + gogrgs) (u + v)*.

A.1.3 Basis of odd functions expressed in terms of the basis of even
functions

by = 91]5? + gk ko + 93%3 + gskiks,

by = 90]2’? + gok1 ks + gskoks,

53 = 90]511_62 + 91%1/;33 + 93/%7

by = fﬂﬁ + fakiks + fsi?:i + kakay,

bs = f390]2’i + f1gskiks + (f590 + 909293)]53 + (f392 + g0g2gs) k1 ks + (fsgr + 919293 ) kaks + 9393];72 + gikiks
+ gokaoky + gsksky,

b = (19395 + F10103 + 9392030k + frgagihaka + (F103 + 90g103)Fs + (fa0395 + 909303 + 90993 kv s
+(f59093 + G193 + 909293 koks + (f59593 + fs9195 + fsg3 + 919293?)79; + gogskika + g3gskaks + gagiksks.

A.1.4 Quartic polynomial defining the equation of the Kummer in P3 in
characteristic two

g1 E ks ka) = (f2 + fog2 + Frgogs + fog®)ky + (fsg8 + figoge)kika + (fagd + fog3 + figogs) ki
+ f598/;31/2‘3 + (fogh + J‘%)éi:%)ffél +(f39091 + f19192 + f19093)]_<7§];33 +(fsg5 + f39092)1_ff/527f3
+ (f103 + Frngs)kikoks + fagogskkaks + fugdkoks + (f2 + fog? + Fsgog1 + Fag?)k ks
+ (f3g192 + f205 + f390g3 + 19293 + fog%f)l%fl?rﬁ +(f591 + f59092 + f39193 + flgr%)%ﬂ_ﬁkg
+ (fog? + Fs9095 + 293 koks + (fg192 + fagogs + Fsg205) ks + (fsgngs + fag3 )k
+ ([ + fog3 + [59295 + f4g§)]_€§ + 9315;3]2‘4 + 9091];3?%2754 + 9092];11753754 + 909312‘2]%4
+ 2R sk + (g19s + gogs ) Rrkakska + g1gskoksks + 2R kha + gagakakoks + 02K ks + HR2.



A.1.5 Quadratics defining the equations of the Kummer in P in
characteristic two

Y o - _
+ (f5g§ + 9393 + f3g§ + 91929:%)53 + 9092930104 + (919293 + 9095)5254 + glg§b3b4
+ Gog3bibs + g193babs + g2g3bsbs + b3bs.

A.1.6 Equations defining the rational map Y -> X in characteristic two

The rational map is given by

Y — - X
[511"'156]'—>[P11p21p31p4]

where

p1= 939(371)9(:62)151 = 93(53 +b1b3),

D2 = 93%9(551)9(552)722 = 93(906? + g1baby + gabsby + gsbabs),

s = g39(21)g(w2) ks = 93(9153 + gobiba + gabsby + 935§)>

pa = G39(21)g(x2)ka = fogibs + fog3bs + f1g3bs + f1g3biba + f3g3babs + f5g295bs + f5g0gsbibs
+ [59193b2bs + f69(2)[_7? + f69%l_7§ + f69§l_7§ + 932,5?1-

A.1.7 Equation of the Weddle surface in characteristic two

A T 737 7272
q(b1,ba, b, bs) = go(fogl + fog2)by + (fsg2g1 + f19093 + Fogrg2)biba + (fogog? + fsg2gs + f2gog2)biby

+ f1g1932,5f5; +(fegi + f39095 + f2919?2,)616§ +93(fs91 + fs9193 + f19?2,)6421 + f693926§63

+ (f59395 + fog293)b1bs + g5 (fogl + fr9205 + fog3)bibabs + (fogige + F59795)bibobs

+ (f29293 + F193)bibobs + g5(fog? + f39293 + Fag2)babs + (fogog? + fagog3 + f193)b1bs

+ (o193 + f5909% + £19193)bibabs + f595(93 + 9195)b3bs + (fogi + f59305)bibs

+ (19203 + F393)01bs + 95(fog3 + fgags + f1g3)baby + fgiby + g2g3bba + g3g3bibsbs

+ 90929?%615354 +93(9192 + 9093)5354 + 90929?%5?5364 + 93(9192 + 9og3) b1b2bsby

+g2(g5 + glg3)535354 + 9195’515354 + g§5§l§4 + gog?z,lfgi + glg?%B]BgBi + gggggléggi + gg’BQZ;gl;i.



A.1.8 Change of variables that connect with Katsura and Kondé’s model
for ordinary abelian surfaces

ap = Qy,
g = (g,
as = s,
1
1= A—97
. = gs(aq + ag)*(fi+adfs + asfs + gs(aq + ) (g + 013)52)2’
A,
¢y = g§(a1 +ag)(f1 + Oé%f:s + 04§f5 +g3(o +as) (g + 043)53)2’
Ay
d, - g3(aa+az)*(fi+alfs+aifs + gs(ar + az)(ag + 043)61)27
A,
1
dy = A_g’
1
ds = A—g.

where A, is the discriminant of g(z), A, = g5 (a1 + a2)?(a; + a3)?(as + as)?.

A.1.9 Change of variables with Katsura and Kondo’s model

2 2 2 4 592, 4 9. 4 92 9 9 9 9 2 2 2 2 9T
X1 = (ag + a3)*(azasg5(f1 + affs + ol fs + algs + afasgs + ajasgs + ajonasgs + afaaasgs + apasasgs )by
2 2 2 4 4 5 9. 4 29 5 9 3 9 o7
+g5(aafi +asfi+ajas fs + ajas fa + ajas fs + ajasfs + ajangs + atasgs + ajasgs + ajasosgs )b

204292, 3 99 9 9 9 9 3.2 9 232, 3 3 9T 2 2 4 5 N\T
+g3(afa3g;5 + ajonasgs + 0050503 + 1 0G0503 + 00503 + Ahasg3)be + g5 (f1 + af fs + al fs + alg35)bs

+g3(afasgs + afazasgs + cmadasgs + ataigs + afanaigs + c1a3asgs + ada3gs + aronaigs + asaigs)bs
+ (ay + ) (o +az)(ag +a3)?gsby + ar(ay + o) (a1 + as)gabs + (ay + o) (o + az)bs),

X2 = 06101361 + (041 + Oég)l_)g + 53,

X3 = 06101261 + (Oél + 062)52 + 63,

Y1 = agaghy + (g + az)bs + b,

_ 2 2 2 4 42, 52, 292 9 4 o 9 9 9 2 2 oNT.
Yy = (a1 +az)*(crasgs(fi + aa fs + aafs + a1aag; + 505 + Q1050303 + Q0393 + QfQaa3g; + 1050503 )by
2 2 2 4 4 2 4 2 592, 2.3 9 5 9\7

+g3(anfi +asfi +a1as fa + asasfs + a0y f5 + apas fs + ajangs + a1asgs + atahasgs + abasgs )b

2/ 3. 99 9 9 9 9 3. 29, 429, 339 9 3 o\7 2 2 4 5 oNT.
+ g3 (afapa3gs + 150505 + 01050505 + Qa0303 + aTasg3 + afaaigs )by + g3 (fi + s fs + aa f5 + apg3)bs

+ g3 (aiaigs + afanasgs + afasasgs + alajgs + afasaig; + anasaig; + adaigs + afadgl + aranalgs)bs
+ (ay + o) (o +as)?(an + a3)giby + ag(ay + ao) (g + as)gabs + (ay + o) (g + as)bg),

Y3 = (an + a2)*(an0ags (f1 + 03 f3 + a3 f5 + afasasgs + afaa3gs + a103a395 + a1a363 + aaaizgs + o393 )b
+ g2(anfi + agfi + 0102 f3 + a0l fs + anaa f5 + apaia fs + adai gl + adadasg? + aladasgl + alatalgd )by

20 2 3 2 2392, 92492, 2 49 5 2 5 2\7 2 2 4 3.2 9\7
+ g3 (Qiana3g5 + 150503 + aiasgs + 0505305 + arazgs + aaaizgy)ba + g35(f1 + as fs + a3 fs + ajaszgs)bs

2/ 2 392, 3 2, 2 92 9 3 9. 9 2 2 2. 292, 939 92 39 5 o\7
+g3(afangs + atanasgs + aana3g5 + Q10303 + Q{RA305 + Q050503 + QTA3G5 + Q05035 + 393 )bs

+ (ay + @) (ag + as)(ag + a3)giby + as(ay + as) (g + asg)gabs + (ay + as) (g + as)bg).
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